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Lexical Analysis:

Simplification of Finite Automata
Section 2.3.2
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Theory vs. Practice

a) Configuration: pax

Next Configuration:
g.Xx Or ¢,x or g,ax?

‘ Theory: © x Practice: ®

b) Configuration: pax
a

Next Configuration:
only ¢.x

‘ Theory: ® x Practice: ©
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Use of FA 1n General

Stmulation of all possible moves from every configuration.

Example:
FA M 1s defined as:

a b d

()

Question: ab € L(M) ?




4 /44 © Alexander Meduna & Roman Lukas

From FA to DFA in Essence 1/2

Preference in practice: Determinictic FA (DFA) that
makes no more than one move from every configuration.

1) Gist: Removal of e-moves

Q- Q-0

Definition: Let M = (0, 2, R, s, F) be a FA.

M 1s an &free finite automaton 1if for all

rules pa — g € R, where p, g € O, holds
acX(a#g)
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From FA to DFA in Essence 2/2

2) Gist: Removal of nodeterminism
‘ New State

Definition: Let M= (0, 2, R, s, F) be an e-free
KA. M 1s a deterministic finite automaton
(DFA) 1f for each rule pa — g € R 1t holds that
R — {pa — q} contains no rule with the left-
hand side equal to pa.
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Theorem

* For every FA M, there is an equivalent DFA M ,.

Proof 1s based on these conversions:

‘ Finite Automaton M ‘

v

‘ e-free Finite Automaton M’ |I L(M) = L(M) ‘

v

| DFA M, !IL(M’) = L(M,) |
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e-closure

Gist: g is In e-closure(p) if FA can reach ¢
from p without reading.

Definition: For every states p € O, we define a set
g-closure(p) as g-closure(p) = {q: g € O, p |- q}

Example:

‘ e-closure( /) ‘

‘ e-closure(s) ‘

‘s—closure(p) ‘ ‘ e-closure(q) ‘
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Algorithm: g-closure

* Input: M=(0Q, %, R, 5, F);p € O
* Output: e-closure(p)

e Method:
*1:=0; 0, = {p};

* repeat
=i+ 1;
Q,=0,9{p:p €0,9g>p R,

q € Qs
until Q= Q. ;;
* ¢-closure(p) := Q..
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g-closure: Example

M=(0,2,R,s, F),where: Q= {s,p, q,f}, 2= 1a},
R=1s>p,p—>q,qa >}, F=1;
Task: e-closure(s)
Oy = {5}
1) s—>pip e s—p
Q1={S}U{p}={8,p}
2) s—opip. e S—p
pPoP;p : P—9
O, = 18, P} YD, q}={s,p,q}
3) s—opip e% S—p

pP>pip, P49
q—o>p;p € none

Oy =1s,p, 4} V1P, q} =15, p, 4} = O, = e-closure(s)
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Algorithm: FA to e-free FA

Gist: Skip all e-moves
* Input: FAM= (0, 2, R, s, F)
* Qutput: e-free FAM’ =(0, 2, R’, s, F”)
» Method:
‘R’ =;
e forallp € O do
R =R U{pa—>qg:pa—>qeR ac,

p’ € e-closure(p), g € O };
o [?={p:pe O, eclosure(p) N F+D}.

-cl g g
a
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FA to e-free FA: Example 1/3

M= (0, X, R, s, F), where:

Q: {Sa 419 Q2’f};2: {Cl, b’ C};
R={sa—>s,s—>q,9.0b—>q,,9,b—>F,s—>q,,

4,C —> qr, ¢ > f, fa—>f 1 F={f}

1) for p = s: e-closure(s) = {s, q,, q,}

A. sd—>q,deX qg €Q: sa—>s

B. ¢gd—>q,deX qg Q. qb—q.,q9,b—>f
C. ¢gd—>q,de qg €Q: qg,c—>¢q,,q,c—>f

R =0V {sa— s,sb— q,sb—f,sc—q,,sc—f}
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FA to e-free FA: Example 2/3

2) for p = q,: e-closure(q,) = {q,}
A. qd—->qg:;deX;qg €eQ:qb—>q,qb—f
R =R Vigb—>q,9b->f

3) for p = q,: e-closure(q,) = {4,}
A. qgd—>q;deX;q € Q:q,c— ¢y, g, > f
R* =RV {4,¢ > 4,5, 9,¢ > [}

4) for p = f: e-closure(f) = {f}

A. fd—>q;deX;qg €Q: fa—>f

R =R U {fa— f}

R’ = {sa —> s,sb — q,sb —> f, sc > q,,s¢c —> f,
410 — q1. 410 > f, 4,¢ > q5, 4¢ > f . fa - f}
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FA to e-free FA: Example 3/3

e-C
e-C|
e-C|

losure(s) NF={s,q,,q9,} N {f} =
osure(q,) N F={q,} N =
osure(q,) N F={q,} N {f} =g (F =1}
losure(f) NF={fIn{f}=4{f} #
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Algorithm: g-free FA to DFA 1/2
Gist: In DFA, make states from all subsets of
states In e-free FA and move between

them so that all possible states of e-free
FA are simultaneously simulated.

Illustration: Opra = U8t a1}, 1924, LY 1,914,
18,0215 185, /15 191921 1915 11> 14925 115
9:01:928> 18,91, 135 18,90, 135 191,92, 13 5
{Sa%a%»f}}

For state {s, f}: @) m
et
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Algorithm: g-free FA to DFA 2/2

* Input: e-free FA: M= (0, 2, R, s, F)
* Output: DFA: M, = (0, 2, R,, s, )

* Method:
* 0, =100 cQ, O #D}; R, =;
* for each O’ € 0, and a € X~ do begin
Q7 :={q:p € Q,pa—>q < Rj;
if 0= thenR,:=R,u {Q’a—> Q};
end
*Sy1= 1843
F, ={F:FeQ,FPNF=#J0}.
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e-free FA to DFA: Example 1/5
M=(0, 2, R, s, F), where:
Q: {Sa %» quf}; 2= {Cl, b, C};F: {f}

R={sa—>s,sb—>q,sb—>f sc—q,,sc—],
QIb — q1, QIb _)ﬁ q->C — 4,2, 4rC _)fafa _)j}a

Qd: {{S}a {SﬂI}» {5941»%}» {SaQIaf}a {SaQIaqzaf}a {Sa%}» {Saqzaf}a
S S5 08 1404285 190135 14092, 115> 19235 190, /35 133

R,=QD U {{sta o> {s}, {s}b >{q,, 1}, {s}c > {4 13}
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e-free FA to DFA: Example 2/5

for O’ = {s,q,}:

Ry= Ry 0S50 =185, 1854110 >G5 15:415¢ > J1}
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e-free FA to DFA: Example 3/5

for Q7 = {Saqpqzaf} Q

Rd - Rd J {{Sﬂqlaqzaf} _){Saf}a {Saqlaqzaf}b —>{q1,ﬂ,
85 15925 3¢ =142 [}
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e-free FA to DFA: Example 4/5

Final states: ', :={F". F" € Q,F N F# O}

for F'= {f}:
s} n{f} =< Sy EFy
{Saql} M {f} = {S 9q1} & Fa’

{Saqlaqz} M {f} = {S 41 9q2} & Fd
8.9, "= #C 5.9, € F,
400, 1 N = %D = {s.q.49,.f} € F,

J 44l

Fd: {{Saqlﬂf}a {Saqlaqbf}a {Saqzaﬂa {S,f},
93 19092 135 192 13 L3}
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e-free FA to DFA: Example 5/5

‘ Question: Can we make DFA smaller? ‘ ‘ Answer: YES ‘
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Accessible States

Gist: State g is accessible if a string takes DFA

from s (the start state) to g.
Definition: Let M = (0, 2, R, s, F) be an FA.

A state g € Q is accessible if there exists w € X°
such that sw |-" g; otherwise, ¢ is inaccessible.

Note: Each inaccesible state can be removed from FA

Example:

State s - accesible: w = s |-

State ¢, - accesible: w = : S |-

State / - accesible: w=ab: sab |- qlb |-
State ¢, - inaccessible (there isnow € X°

such that sw |-" ¢,)
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Previous Example
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Algorithm II: e-free FA to DFA 1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are
introduced.

Illustration:

Oprs= 1154}

b
For state {s}: @

Add new states : to Qpry

For state
For state

Add new states ...
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Algorithm II: e-free FA to DFA 2/2

* Input: e-free FA: M= (0, 2, R, s, F)
* Output: DFA: M,= (0, 2, R, 54, F))
without any inaccessible states
* Method:
* 5= 48Y; Qpew = 184 Ry =D, 0, =G, Fyi=0;
* repeat
let Q" € 0,05 Oy = Qe —107}5 Q1= O,V 107}
for each a € 2 do begin
Q" :={q:p € Q,pa—>q€<R};
if O’ =dthenR,:=R,U {Q’a—> Q0};
end;
if O’ mF;é O then F .= F,0 {Q’}
until QO

new
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e-free FA to DFA: Example 1/3

M=(0, 2, R, s, F), where:
O=159, 9 f};Z=1a,b c;; F=1{f}

R={sa—>s,sb—>q,sb—>f sc—q,,sc—],
QIb — q1, QIb _)ﬁ q->C — 4,2, 4rC _)fafa _)j}a

Qnew — {{S}}, Rd: Q; Qd: @; Fd: %)

R;:=0 v {{sja —>{s}, {s}b =>{qy, /1, {5} c > {qy 1}
Qnew - {{qvf}ﬂ {Q29f}}9 Qd: DU {{S}}, Fd: %)



26/44 © Alexander Meduna & Roman Lukas

e-free FA to DFA: Example 2/3

R;:=R U{{qlf} —>{f} UL EdU NS
Qnew_{{qu} Uit Q4= 0, Vg /331, =0V g, f1}

for Q" = 145, f }:

R,:= R, U gy [ > (G f 1 =g f1K
Q _{{f}} Q,= Qdu{{% I}, F,=F U{{qz /i3
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e-free FA to DFA: Example 3/3
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Terminating States
Gist: State g is ferminating if a string takes DFA

from g to a final state.
Definition: Let M= (0, 2, R, s, F))be a DFA. A state

g € Qis terminating if there exists w € X" such that
gw |- fwith f e F; otherwise, g is nonterminating.
Note: Each nonterminating state can be removed from DFA

Example: _ (D (2, b @
@) a

State s - terminating: w = ab : b|l-q.b|-f
State ¢, - terminating: w=> : b|l-f

State /- terminating: w = ¢ : -0 f

State ¢, - nonterminating (there isnow € X°

such that g, w |-"q, g € F)
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Algorithm: Removal of nont. states

* Input: DFA: M= (0, 2, R, s, F)
* Output: DFA: M,= (0, 2, R, s, F)

* Method:
Oy =F;i:=0;
* repeat
=1+ 1;
O, =0.,9Yiqg:qa—>peRaeckpeQ.,};
until O, = 0, ;;
* 0, =0;
*R,:={qa—>p:qa—>peR, p,qge(,ack}
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Nonterminating States: Example

M=(0Q, 2, R, s, F), where: Q= {s, q,, ¢, [}, 2 = {a},
R=1sa > 4q,,50 > q5, .0 > a5, .0 > [}, F={/}
Oy =1/}

) gd—f.,qe Q;deX: q.b = f

O = 9ila =, 9

2)qgd—>f ;q€ QO;d e X: q.b = f
gd > q.;q € O;d € X: sa —q,

O, =491} Y491, 5} =, 41, 5}
3) qgd —> f; qeg;deZ: q.b = f

gd > q;q9 € 0;d e 2 sa —q
qd—)s;lqe . d e X none

Q3: {f?qlas} U {qlas} — {f;qla S} :Q2:Qt
R,= {sa — q,, sb><q,, q,a><q,, ;b — f}
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Summary: States to Remove
1) Inaccessible state (¢,):

a b
-0

2) Nonterminating state (¢,):
a

—-®)

o~
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Complete DFA
Gist: Complete DFA cannot get stuck.

Definition: Let M= (0, 2, R, s, ) be a DFA.
M 1s complete, if for any p € O, a € 2 there
1s exactly one rule of the form pa — g € R
for some g € Q; otherwise, M 1s incomplete

Conversion: Incomplete DFA to Complete DFA
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Algorithm: DFA to Complete DFA

Gist: Add a “trap” state

* Input: Incomplete DFA M= (0, X, R, s, F)
* Output: Complete DFA M. = (0., 2, R_, s, F)

e Method:

* Qc = Q - {q]‘alse};
*R..=RU {ga —> Quiset 4 € 2,q € 0.,

ga—>p &R, p e O}.
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Well-Specitied FA

Definition: Let M = (0, 2, R, s, F) be a complete
DFA. Then, M is well-specified FA (WSFA) if:
1) O has no 1naccessible state

2) O has no more than one nonterminating state

Note: If well-specified FA has one nonterminating
state, then 1t 18 g, from the previous algorithm.

Theorem: For every FA M, there 1s an
equivalent WSFA M .

Proof: Use the next algorithm.
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Algorithm: FA to WSFA

* Input: FA M
* Output: WSFA M,

* Method:

e convert a FA M to an equivalent e-free FA M’

 convert a M’ to an equivalent DFA M, without
any 1naccessible state

* convert M, to an equivalent DFA M,
without any nonterminating state

e convert M, to an equivalent complete FA M,

° MWS = MC

Note: No more than one nonterminating state in M, 4 e
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Distinguishable States

Gist: String w distinguishes states p and q if
WSFA reaches a final state from precisely
one of configurations pw and gw.

Definition: Let M = (0, 2, R, s, F)) be a WSFA,
and let p, g € O, p # g. States p and g are
distinguishable if there exists w € X" such that:
pw |-"p’ and gw |-"q’, where p’, ¢’ € O and

(p>’ e Fand g’ ¢ F)or (p° ¢ F and q° € F));
otherwise, states p and g are indistinguishable
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Distinguishable States: Example

* s and ¢, are distinguishable, because for w =
sil—-s ,s ¢F
9,919,949, € F

* ¢, and ¢, are indistinguishable, because for each w € X*:

W= gy 4, € F
q-w |_ 43, 45 € F

* Other pairs of states are trivially distinguishable for w = ¢.
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Minimum-State FA

Definition: Let M be a WSFA. Then, M 1s
minimum-state FA 1t M contains only
distinguishable states.

Theorem: For every WSFA M, there 1s an
equivalent minimum-state FA M

Proof: Use the next algorithm.
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Algorithm: WSFA to Min-State FA

* Input: WSFA M=(0, %2, R, s, F)
* Output: Minimum-State FA M, = (Q,, X, R, s, I'))
* Method:
* O, =Up:perl}, {gqe Q-Fi};
* repeat
if there exist X € Q0 , d € 2, X;, X, < X such that
X=X,UX,, X;nX,=C and
WP €X,pd—>q eRy 0, 0,€ 0,
2P € X pd > q, € RENO =D
then divide X into X, and X, in O,
until no division is possible;
‘R ={Xa—>Y. X, YeQ  pa—>qgeRpeX qgel, aecli
s, =Xwithse X; F ={X:Xe Q ,XNF=+J}.




40 /44 © Alexander Meduna & Roman Lukas

Minimization: Example 1/4
me: WSS} 19192935445}
N

Final Other
States States

1) X = {SJ} From one set From one set
: :))._, d=b: sb —) q;
— |44

2) X= 191:92:93-945* From one set

d=a: quo—>[qgt—"d=b: (q,b>|s B
d20 > |43 0b > LTSS
q30 —> (44 q:b = q,
449 = |43 1440 = ¢

Division: {¢,,9,,9:,9,} = 191-92} {%,614} (g1,0,} N O, =
X, X,
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Minimization: Example 2/4

Qm: {{Szf}a {%a%}a { > }}
1) X= {s,f}: From one set

d=u: } d=b: ;Il;:))

2) X=1{q,,9,}: From one set From one set
=a: q.a-|q d=b: qlb—>sl—'
9,4 =4 0,b =>|f
) X=1{q.,q9.}: From one set
= a: — d = b: b —|q,
—> b —|q,

No next divisions !!!




42 /44 © Alexander Meduna & Roman Lukas

Minimization: Example 3/4
On = 0SS} 140055 1955045

} 3{2?}‘}@@,/} —> {sf} €eR,

B SLeRYD (ib > (4.0 €R,
> eR:}:M a4r}a = {q41.4,} € R,
03 R (et > sy eR,
I 2]123::}:>{,}—>{,}6Rm
PSR {0uab > {g00,) €R,
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Minimization: Example 4/4
s € {s.f} I:> s, = {s.f}
jer} DS eF,

M =, .2, R ,s ,F ), where: X={a,b},s ={s,f}

O, =SS} 144585 102048, F, = 1S3}

R, ={{sfra = {sf}, {sS3b = {q..0.0, 199,50 = 14,59, 5
159,50 = 18/}, 195930 = 193,948 1935930 = 191,953}

Summary:

@0@
YooY oL?
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Variants of FA: Summary

= =
Q 3
= 5 S
o =] < | »
=25 2|
=l slalol=s] =
Number of rules of the form p — ¢,
where p, g € O O-n] O] O O O] O
Number of rules of the form pa — ¢, o-nlo-nlo1] 1 1 1
foranyp € O, a € 2.
Number of 1naccessible states 0-n]0-n{0-n]0-n|] O 0
Number of nonterminating states 0-nl0-nl0-n10-n10-110-1
Number of this FAs for any regular
0 oo oo oo o] 1

language.
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