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Part VI.
Models for ContextFree
Language:
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Context-Free Grammar (CFG|

Gist: A grammaris based on a finite set of
grammatical rules, by which it
generates strings of Its languag

lllustration : | Start nonterminal \ S
Grammar G:

Nonterminals:‘ A, B, ‘
Terminals: ‘aJchj‘

Rules: S 5 AB,
A - aAb,
A = ab,
B - bBa,
B - ba
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Context-Free Grammar: Definitipn

Definition: A context-free grammar (CFG) Is a

gquadrupleG= (N, T, P, §), where

* N Is an alphabet cnonterminals

 Tis an alphabet dbrminals, N n T =

* P is a finite set ofules of the form A - X,
whereAON, xO(NOT)

e S[I NIs thestart nonterminal

Mathematical Note on Rule:
e Strictly mathematicallyP is a relation fronNto (N O T)”

 Instead of 4, x) LI P, we writeA - x LI P

« A - X means that can be replaced with
e A - gis callederule
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Convention

e A, ..., F, S :nonterminals
¢ S . the start nonterminal
e a,...,0 : terminals
. U, ,Z . members ofNl LI T)
* U,...,Z : members ofN O T)
. . sequence of productions
A subset of rules of the form:
A - X, A S X, A S X

can be simply written as:

A > X[ X] . | X,
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Derivation Step

Gist: A change of a string by a rule.

Definition: LetG=(N, T, P, S be a CFG. Let
uvONOT) and =A - x0OP Then uAv
directly derives uxv according to In G, written
asuAv = uxv [ ] or, simply,uAv = uxv.

Note: If UAv = uxvin G, we also say th& makes a
derivation step from uAv to uxv.

[ uy JAT tvy |
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Gist: A change of a string by a rule.

Definition: LetG=(N, T, P, S be a CFG. Let
uvONOT) and =A - x0OP Then uAv
directly derives uxv according to In G, written
asuAv = uxv [ ] or, simply,uAv = uxv.

Note: If UAv = uxvin G, we also say th& makes a
derivation step from uAv to uxv.
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Sequence of Derivation Steps [L/2

Gist: Several consecutive derivation steps.

Definition: Letud (N O T)". G makes a
zero-step derivation from u to u; In symbols
u="ulg] or, simply,u =°u

Definition: Letu,,...,u, 0 (NOT)",n>1, and
U, = U [p], p 0P, foralli=1,...,n; that Is

Up= Uy [P = Uy [P)] ... = U, [P

Then,G makesn derivation steps from u, to u,,
U, =" U, [P;... P,] Or, SImply,u, =" u,




7150

Sequence of Derivation Steps /2

If u,="u, [1] for somen = 1, thenu, properly
derives u, in G, written asu, =" u, [TT.

If u,="u, [1] for somen = 0, thenu, derives
u,in G, written asu, =" u, [T1.

Example: Consider

aAb — aaBlb [1. A - aBly], anc

aaBbb—= aacbb [2:B - c].

Then, aAb =2 aacbb[1 2],
aAb =" aacbb[1 2],
aAb =" aacbb[1 7
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Generated Language

Gist: G generates terminal string w by a
seguence of derivation steps fronsto w

Definition: LetG= (N, T, P, S) be a CFC The
language generated by G, L(G), Is defined as
L(G)={w:wOT,S="w}

lllustration: |
G=(N,T,P,9),letw=aa,...a;aldTfori =1.n
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Generated Language

Gist: G generates terminal string w by a
seguence of derivation steps fronsto w

Definition: LetG= (N, T, P, S) be a CFC The
language generated by G, L(G), Is defined as
L(G)={w:wOT,S="w}

lllustration: |
G=(N,T,P,S),letw=aa,...a;aldTfori =1.n

/

f S=..=..=aa...a, then L(G);

otherwise, L(G)
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Context-Free Languad€FL)

Gist: Alanguage generatedy a CFG.

Definition: Let L be a languagé. is acontext-
free language (CFL) if there exists icontex-free
grammar that generatés

Example:
G=(N,T,P,S), whereN={S}, T={a, b},
P:{ :S—>aSb, :S—>8}
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Context-Free Languad€FL)

Gist: Alanguage generatedy a CFG.

Definition: Let L be a languagé. is acontext-
free language (CFL) if there exists icontex-free
grammar that generatés

Example:

G=(N,T,P,S), whereN={S}, T={a, b},
P:{:S—>aSb, :S—>8} (G) { . O}
S=¢ [ S L(G)={a""n=

SzaSb[ |=ab [ [
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L ={a"b". n =0} is a CFL.
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Rule Tree

* Rule tree graphically represents a rule

1A - €

A

€

2) A o X X, X,

A
AT

Xy Xy o X

e Derivation tree corres

S= ...

= U,U,...U_AV,V,...\V

ponding to a derivatio

1
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* Rule tree graphically represents a rule

1A - €

A

€

e Derivation tree corres

S= ...

= U,U,...U_AV,V,...\V

1

= U,U,...U_xV,\V,..V,. |~ /

Rule Tree
A
2)A o XX, X | AT
Xy Xy oo X
ponding to a derivatio
S
/\
V, V,...

Rule tree
corresponding

\

A
N

X

to A - X
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DerivationTree Example

G=(N, T, P,E),whereN={E,F, T}, T={i,+,*,(,)}
P={ L E - E+T, E-T, 3T T,
T > F, 'F > (E), 6F =1 }

Derivation: Derivation tree:
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DerivationTree Example
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DerivationTree Example

G=(N, T, P,E),whereN={E,F, T}, T={i,+,*,(,)}
P={ L E - E+T, E-T, 3T T,
T > F, 'F > (E), 6F =1 }

Derivation: Derivation tree:

E=SE+T  [L i
S E+ITF [ }
= E+F*
=>E+1*
=T+ 1*F [7]
=>T+ii[6
= E+i*i [4
=1 + 1%

T1 T T T
— —T———m

T
|

F
|
I

+ | %
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Leftmost Derivation

Gist: During a leftmost derivation stephe
leftmost nonterminal is rewritten.

Definition: LetG= (N, T, P, S) be a CF(, let

uldT,vONOT). Letp=A - xOPbea

rule. Then,uAv directly deriveaixv in the

leftmost way according tq in G, written as
UAV — UxVv [p]

Note: We define= .t and =, by analogy with="*
and=", respectively.
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Leftmost Derivation Example

G=(N, T, P,E),whereN={E,F, T}, T={i,+,*,(,)}
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Leftmost derivation: Derivation tree:
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Leftmost Derivation Example

G=(N,T,P,E), whereN={E,F, T}, T={i, + *, (,)},

P={ 1.E - E+T,

T - F,

E - T,

' F > (E),
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—>m | T

:>Im i +E

_*F:Z
*F::
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— —T— ——m

™
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Leftmost Derivation Example

G=(N,T,P,E), whereN={E,F, T}, T={i, + *, (,)},

P ={
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T - F,

E - T,
' F > (E),

T - T*F,
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Leftmost derivation:
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Rightmost Derivation

Gist: During a rightmost derivation stepthe
rightmost nonterminal Is rewritten.

Definition: LetG= (N, T, P, S) be a CF(, let

uONOT),vOT.Letp=A - xOPbea

rule. Then,uAv directly deriveaixv in the

rightmost way according t@ in G, written as
UAV = UXV [p]

Note: We define=, - and =, by analogy with=*
and=", respectively.
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Rightmost DerivationExample

G=(N, T, P,E),whereN={E,F, T}, T={i,+,*,(,)}
P={ L E - E+T, E-T, 3T T,
T > F, 'F > (E), 6F =1 }

Rightmost derivation: Derivation tree:
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Rightmost DerivationExample

G=(N,T,P,E), whereN={E,F, T}, T={i, + *, (,)},

P={ 1.E - E+T, E - T, T - T*F,
T > F, 'F > (E), 6F =1 }
Rightmost derivation: Derivation tree:
E :>rmE+: [] K
>mE+T*E[3 = T
=>m E+IT" 1[5 |
=>m E+E* 1[4 T T
>mE+ 171 [0 | |
m Lt 171 [2 F|F|F
SmE+ %0 [4 i
| |

-
= |t



16/50

Derivations: Summary

e LetA - xPDbearule.

1) Derivation:
Letu,vO(NOT)  UAV = UXV
Note: Any nonterminal Is rewritten

2) Leftmost derivation:
LetuOT,vONDOT) :uAvV=, UXV
Note: Leftmost nonterminal Is rewritten

3) Rightmost derivation:

LetuO(NOT),vOT :UAV=_ UXV
Note: Rightmost nonterminal I1s rewritten
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Reduction of the Number of Derivatidns

Gist: Without any loss of generality, we can

consider only leftmost or rightmost
derivations.

Theorem: LetG=(N, T, P, S be a CFQ.
The next three languages coincide
D) {w.wOT,S=,,,” W}
2){w.wOT,S=,," W}
B){w.:wOT,S="w}=L(G)
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Introduction to Ambiguity

Geprs = (N, T, P, E), where

N={E,F, T}, T={i,+,*,(,)},

P={ 1L.E- E+T, ZZE > T,
T - T*F, 4:T - F,
. F - (E), F -}

E

/\

T
|
F
|
|
E

TR
[Theory: & xPractice: 0] ' @ |
Geprz = (N, T, P, E), where E
N={E}, T={i,+* ()}
P={1:E - E+E, 22 E - E*E E E

E-(E) Z#E-i }

T ||

i+ixi

|<T%

| + 1% |

Note: L(Gepr1) =L(Gepr)  Improper during compilation
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Grammatical Ambiguity

Definition: LetG=(N, T, P, S be a CFG.
If there existx U L(G) with more than one
derivation tree, theG is ambiguous,
otherwise G Is unambiguous.

Definition: A CFL, L, is inherently ambiguous
If L Is generated by no unambiguous grammay.

Example:

* Ggpr1 IS UNambiguous because for everyll L(Ggpy )
there exist®nly one derivation tree

* Ggpr2 IS @ambiguous because for+1*1 U L(Gg,,0)

there existwo derivation trees

* Logr = L(Geqprt) = L(Ggyro) 1S NOt INherently ambiguous
becausés,,,, IS unambiguous
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Pushdown Automata (PDA)

Gist: An FA extended by a pushdown store.

Finite
State
Read-write hea Control
Read head
Pushdown: Input tape: !
Am A2 A]_ al a2 al an

——
move of head

top
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Pushdown Automata: Definitioh

Definition: A pushdown automaton (PDA) is

a -tupleM=(Q,2,I',R's, S F), where

e QIs finite set of states

> IS aninput alphabet

e [ Is apushdown alphabet

* Ris afinite set of rules of the form:Apa - wq
whereAO T, p,q0Q, a0 {e}, wOTl™

e s [] QIS thestart state

e« SUT Is thestart pushdown symbol

e F L QIs a set ofinal states
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Notes on PDA Rules

Mathematical note on rules:

o Strictly mathematicallyR is a finite relation
fromlrxQx(Z0{e}) toln xQ

Instead of fApa, wa) O R, however, we write
Apa - wg LR
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Notes on PDA Rules

Mathematical note on rules:

o Strictly mathematicallyR is a finite relation
froml xQx(Z0{¢e}) tol™ xQ

|Instead of {pa, wq) O R, however, we write
Apa - wg LR

e Interpretation of Apa —» wd: If the current state
IS p, current input symbol ia, and the topmo:
symbol on the pushdown 45 thenM can read
a, replaceA with w and change stateto q.

 Note: If a=¢, no symbol Is read
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Graphical Representation

(@) represents 0 Q

—(©) represents the initial stas 0 Q

represents a final statt

Al

-

@ Alw, a ,@ denotesApa — wq O R
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Graphical RepresentatioExampI&

M=(Q,2,T,R S SF)
where:
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where:

*Q={sp q T}
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o[ ={a, S}

© © 0 O
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Graphical RepresentatioExampI&

M=(@Q,2,IT,RSSF)

where:

*Q={s,p, qf} e
.5 = {a, b): 553 a
o[ ={a, S}

e R={Ssa - Sap,

© © C
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Graphical RepresentatioExampI&

M=(@Q,2,IT,RSSF)

where:
*Q={s,p q,f}
» > ={a, b}; /58 2
I ={a, S} Q’ alaa, a
e R={Ssa - Sap,
apa — aap,

@@'—0
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Graphical RepresentatioExampI&

M=(@Q,2,IT,RSSF)

where: e
*Q=1{sp,q,f} s
e ¥ ={a, b}; & a

I ={a, S} Q alaa, a

e R={Ssa - Sap, e b

apa — aap,
apb - q,

(@
0
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Graphical RepresentatioExampI&

M=(@Q,2,IT,RSSF)

where: e
*Q=1{sp,q,f} s
e ¥ ={a, b}; & a

I ={a, S} Q alaa, a

e R={Ssa - Sap,
apa _ aap, ale, b

o OPEEL
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Graphical RepresentatiDExamp@

M=(@Q,2,IT,RSSF)

where: e
*Q=1{sp,q,f} s
e ¥ ={a, b}; & a

I ={a, S} Q alaa, a

e R={Ssa - Sap,

apa _ aap, ale, b

apb - q, ale, b
agb - q, 0’

Sq - f} Sle, €
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Graphical RepresentatiDExamp@

M=(Q,2,T,R S SF)
where: T

*Q={sp 0, fh
ey ={a, h};

o[ ={a, S}
*R={Ssa - Sap,

apa — aap,
apb - q,
agb - q,

Sq -1}
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Graphical RepresentatiDExamp@

M=(Q,2,T,R S SF)
where: T

*Q={s,pqf}

ey ={a, h};

o[ ={a, S}

*R={Ssa - Sap,
apa - aap,
apb - q,
agb - q,
Sq - f}

o F = {f}
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PDA Configuration

Gist: Instantaneous description of PIA

Definition: LetM=(Q,2,I,R, s, S F) be a PIA.

A configuration of M is a stringxy O " Qx"
Finite State
Control —
Read-write hea @ = current state
Pushdown: Input tape: { Read heal
A Ay | Aq d | & & a,
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PDA Configuration

Gist: Instantaneous description of PIA

Definition: LetM=(Q,2,I,R, s, S F) be a PIA.

A configuration of M is a stringxy O " Qx"
Finite State
Control —
Read-write hea = current state
Pushdown: Input tape: { Read heal
Aul (A A ()la] 2 al| .. ad
S

Configuration
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Move

Gist: A computational step made by éPDA
Definition: Let xApay andxwaqy be two configuration$
of a PDA,M, where

x,wdOrn , AN p,ogdQ,aldxO{e}, andyd 2.
Let =Apa - wqgll Rbe aruleThen, M makes
amove from xApay to xwagy according tc, written as
XApay [-xway [ | or, simply, xApay |- xway.

Note: if & =€, no input symbol is read

Configuration: [ x| JAI@ME] 1y |
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Move

Gist: A computational step made by éPDA
Definition: Let xApay andxwaqy be two configuration$
of a PDA,M, where

x,wdOrn , AN p,ogdQ,aldxO{e}, andyd 2.
Let =Apa - wqgll Rbe aruleThen, M makes
amove from xApay to xwagy according tc, written as
XApay [-xway [ | or, simply, xApay |- xway.

Note: if & =€, no input symbol is read

Configuration: [ x| JAI@ME] 1y |

Rule: Apa - wq
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Move

Gist: A computational step made by éPDA
Definition: Let xApay andxwaqy be two configuration$
of a PDA,M, where

x,wdOrn , AN p,ogdQ,aldxO{e}, andyd 2.
Let =Apa - wqgll Rbe aruleThen, M makes
amove from xApay to xwagy according tc, written as
XApay [-xway [ | or, simply, xApay |- xway.

Note: if & =€, no input symbol is read
Configuration: ‘ :x' |_|®u :y:
Rule: Apa - WC/ ‘//;/// /

New configuration] 7 xT [~ Tw ‘@‘ LY
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Sequence of Moves 1/2
Gist: Several consecutive computational steps

Definition: Let X be a configurationV makesg
zero moves from x to x; In symbols

X |-° X [€] or, simply,x [-° X

Definition: Let Xq, X4 -..,X, b€ a sequence df
configurationsn=1, andy;, |-X;[rl, rnOR
foralli =1, ...,n; that Is
Xo [=Xa [rad =Xz [ra] - [=Xn [Fl
ThenM makesn moves from X, to X,
Xo I=" Xn [Fy... 7ol OF, simply,Xo [-"X;
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Sequence of Moves 2/2

If Xo [-" X, [P] for somen =1, then
Xo |=" XnlP] Or, simply, Xo =" X;

It Xo [-" X, [P] for somen = 0, then
Xo |- Xnlpl or, simply, X, |- Xn

Example: Consider
AApabc |- ABgbc [1: Apa —» Bq], anc
ABgbc |-ABCrc[2: Bgb —» BCrl].
Then, AApabc |- ABCrc[1 2,
AApabc |- ABCrc[1 2],
AApabc |- ABCrc[1 7
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Accepted Language: Three Typles

Definition: LetM = (Q, Z,I', R, s, S F) be a PDA

1) Thelanguage that M accepts by final state
denoted by (M);, Is defined as
L(M); ={w. w2, Ssw|-2Z,z0OI", f[]F}
2) Thelanguage that M accepts by empty pushdowi
denoted by (M), Is defined as
L(M).={w. w2, Ssw|— zf, z=¢, f [1 Q}
3) Thelanguage that M accepts by final state and

empty pushdowndenoted by (M);,, Is defined gs
L(M);.={w: w2, Ssw|- =, z=¢, T[] F}
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: [SI®[a]a]b]b]

*Q={s,pqf}

* 2 ={a, b};

o[ ={a, S}

*R={Ssa - Sap,
apa — aap,
apb - q,
agb - q,
Sq - f}

« F = {1}

Ssaabb
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?
where: [S]®[a]a]b]b]
e Q={s,p,0q,f} Rule Ssa —» Sap
.3 = {a, b}; CEI@ELEIH]
o[ ={a, S}
e R= {Ssa. — Sap,

apa - aap,

apb — q1

aqb — q1

Sq - 1}
- F={f)

Ssaabb|— Sagpabb
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: [SI®[a]a]b]b]
e Q={s,p,0q,f} Rule Ssa - Sap
.3 = {a, b}; @]
T ={a, S Rule apa —» aap
‘\R={Ss - S [S[a[a]l®[b]b]

apa — aap,

apb — q1

aqb — q1

Sq - f}
-F={f)

Ssaabb|— Sagpabb |- Sagobb
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .CS)IililﬂILI
e Q={s,p, 0, Rule Ssa - Sap
e ={a, h; @|a|b|b|
T ={n S}" Rule Eép@a — aadp
={a, S} [STala]@®[b]b]
e R={Ssa - Sap, Rule: apb - g
apa — aap, @'E
apb - q,
agb - q,
s - f}
+F={f}

Ssaabb|— Sagpabb |- Sagbb |- Sagb
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PDA: Example

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .CS)IililﬂILI
+Q={s p,0q,f}: Rule Ssa —» Sap
e ={a, h; @|a|b|b|
o {a’ S}" Rule Eép@a — adp
={a, S} [STala]@®[b]b]

e R={Ssa - Sap, Rule: apb - g

apa — aap, @'E

gglg — g, Rule: agh - g

— y S

b - 4 [SIO]

 F = {f)

Ssaabb|- Sapabb |- Sagbb |- Sagb |- Sq
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .CS)IililﬂILI
+Q={s p,0q,f}: Rule Ssa —» Sap
e ={a, h; @|a|b|b|
F={a S Rule %l—»aap
={a, S} [STala]@®[b]b]

e R={Ssa - Sap, Rule: apb - g

apa — aap, @'E

gglg — g, Rule: agh - g

- 0,

Ssaabb|-Sapabb |- Sagbb |-Sagb |-Sg |-f
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .©Ii|i|ﬂ|ﬂ|
+Q={s p,0q,f}: Rule Ssa —» Sap
e ={a, h; @|a|b|b|
F={a S Rule %l—»aap
={a, Sh; [STala]@®[b]b]

e R={Ssa - Sap, Rule: apb - g

apa — aap, @'E

apb - q, Rule: agh - g

agb - q, @"

Sqg - f} Empty |Rule:Sq - f

e F = {f} pushdpwn 4’“@"
Ssaabb|-Sapabb |- Sagbb |-Sagb |-Sg |-f
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PDA: Example

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .©Ii|i|£|£|
+Q={s p,0q,f}: Rule Ssa - Sap
e ={a, h; @|a|b|b|
o {a’ S}" Rule Eép@a — adp
={a, Sh; [STala]@®[b]b]
e R={Ssa - Sap, Rule: apb - g
apa — aap, @'E
aplg - Q, Rule: agh - g
gg - ?}’ [SI@] ‘Final state
R Empty |Rule:Sq - f

o F={f} pushdown |]®HAnswer: YES
Ssaabb]- Sgpabb|-Sagbb |- Sagb |-Sq |-f
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PDA: Example |

M=(@Q, 2T, RS SF)| Question aabbll L(M):.?

where: .©Ii|i|£|£|
+Q={s p,0q,f}: Rule Ssa - Sap
e ={a, h; @|a|b|b|
o {a’ S}" Rule Eép@a — adp
={a, Sh; [STala]@®[b]b]
e R={Ssa - Sap, Rule: apb - g
apa — aap, @'E
aplg - Q, Rule: agh - g
gg - ?}’ [SI@] ‘Final state
R Empty |Rule:Sq - f

 F= {1 pushoown—I @ arswer: s
Ssaabb|-Sapabb |- Sagbb |-Sagb |-Sg |-f
Note: L(M); = L(M). =L(M);. = {a"b™ n= 1}
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Three Types of Acceptance: Equivalehce

Theorem:
_(M,).for a PDAM, < L

(M) for a PDAM,
(M) for a PDAM,

oL = L(M,), for a PDAM; < L= L(M,).for a PDAM,
Note: There exist these conversions:
PDA M, that accepL

by final state and
empty pushdowr

PDA M; that accepL
by final state

PDAM, that accepL
by empty pushdown
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more tha
one move from anyconfiguration.

Definition: LetM=(Q, 2,I, R, s, S F) be a
PDA. M Is adeterministic PDA If for each rulg
Apa - wg U R, it holds thaR - {Apa - waq}
contains no rule with the left-hand side eqyal
to Apaor Ap.

lllustration: Configuration:

[ A@EL ]
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more tha
one move from anyconfiguration.

Definition: LetM=(Q, 2,I, R, s, S F) be a
PDA. M Is adeterministic PDA If for each rulg
Apa - wg U R, 1t holds thaR - {Apa - wq}
contains no rule with the left-hand side eqyal
to Apaor Ap.

lllustration: Configuration: |
I I I I
[ A%D\a\ 7]

— W10
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more tha
one move from anyconfiguration.

Definition: LetM=(Q, 2,I, R, s, S F) be a
PDA. M Is adeterministic PDA If for each rulg
Apa - wg U R, 1t holds thaR - {Apa - wq}
contains no rule with the left-hand side eqyal
to Apaor Ap.

lllustration: Conflguratlon

| y |
— W10

No more that one rule of the form
— W0,
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PDAs are Stronger thddPDAS

Theorem: There exists no DPDM.. that accepts
L={xy:x,yOZ2",y= reversal(x)}

Proof: See page 431 in [Meduna: Automata and Languages]

lllustration:
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accepted byDPDASs
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PDAs are Stronger thddPDAS

Theorem: There exists no DPDM.. that accepts
L={xy:x,yOZ2",y= reversal(x)}

Proof: See page 431 in [Meduna: Automata and Languages]

lllustration: |L={xy:xy0Z,y= reversal(x)} |

>

The family of deterministic The family of i;

CFLsL the languages languages accepte
accepted byDPDAs by PDAS
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Extended PDA (EPDA)

Gist: The pushdown top of an EPDA represents a
string rather than a single symbol.
Definition: An Extended Pushdown automaton

(EPDA) is a ftupleM=(Q,2,I',R, S, S F),
whereQ, 2,1, s, S F are defineas inanPDA and
Ris afinite set of rules of the form:vpa - wq,
wherev,wO [, p,g0Q,all = 0O {&}

lllustration:
Pushdown of PDA: Pushdown of EPDA:
| | | | | |
‘ LX ‘ LX ‘ LY

—— Ap—
PDA has asingle symbolsas the EPDA hasa string as the
pushdown top pushdown top
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Move iIn EPDA

Definition: Letxvpayandxwqybe two configurations
of an EPDAM, wherex, v, wO T, p,qU0Q,all X
[1{e}, andy 0 3". Letr =vpa - wgl Rbearule.

Then,M makes anove from xvpayto xwgyaccording
to r, written asxvpay |— Xwaqy{r] or xvpay |— xwqy

Configuration:‘ :x: ‘ : :V: : ‘@‘a‘ :y:
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Move iIn EPDA

Definition: Letxvpayandxwqybe two configurations
of an EPDAM, wherex, v, wO T, p,qU0Q,all X
[1{e}, andy 0 3". Letr =vpa - wgl Rbearule.

Then,M makes anove from xvpayto xwgyaccording
to r, written asxvpay |— Xwaqy{r] or xvpay |— xwqy

Configuration:‘ :x: ‘ : :V: : ‘@‘a‘ :y:

Rule: vpe - wqg
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Move iIn EPDA

Definition: Letxvpayandxwgybe two configurations
of an EPDAM, wherex, v, wO T, p,qU0Q,all X
[1{e}, andy 0 3". Letr =vpa - wgl Rbearule.

Then,M makes anove from xvpayto xwgyaccording
to r, written asxvpay |— Xwaqy{r] or xvpay |— xwqy

Configuration: ‘ ‘ : :V: : ‘@‘ a ‘ :y:

e mewq\\\\ 8 /- ‘//‘

New configuration: ‘ Ix: ‘ :W: ‘@‘
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Move iIn EPDA

Definition: Letxvpayandxwgybe two configurations
of an EPDAM, wherex, v, wO T, p,qU0Q,all X
[1{e}, andy 0 3". Letr =vpa - wgl Rbearule.

Then,M makes anove from xvpayto xwgyaccording
tor, written a9<vpay |— XwaQqy{r] or xvpay |- xwqy

Configuration: ‘ : LV : : ‘@‘ a ‘ : Y |
Rule: vpe - WQ\\. \\ ; /// '//
New configuration: x : : W: ‘@‘

Note: |-, |-, |-, L(M);, L(M), , andL(M),, are defined
analogically to the corresponding definitions f@A2
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EPDA: Example |

M=(Q,2,T,R S SF)
where:
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EPDA: Example |

M=(@Q,2,IT,RSSF)
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0
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EPDA: Example |

M=(@Q,2,IT,RSSF)

on ety O,
* 2 ={a, b};
O,
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EPDA: Example |

M=(@Q,2,IT,RSSF)

on ety O,
* 2 ={a, b};
O,

o[ ={a,b, S C}
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EPDA: Example
M=(Q,%,T,R S SF) ela,
where: %
* Q={s, f}

o> ={a, b};
[ ={a, Db S C}

*R={ sa- as @
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EPDA: Example

M=(Q,%,T,R S SF) ela,
where:

* Q={s T}

o> ={a, b}; elb,

[ ={a, Db S C}

OR:{ Sa,—)a.S, @
sb - Dbs,
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EPDA: Example

M=Q, 2Tl RSsSF) ela,

where:

‘Q:{S, f}, EQOS/C’S

«> ={a, b}; 2

[ ={a, Db S C}

*R={ sa- as @
sb - bs,

s o Cs,
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EPDA: Example

M=(Q,Z,T,R s SF) ela, aClC, a
where:
* Q={s,f} E§>£/C’ )
« 2 ={a, b}; elb,
o[ ={a,b,S, C}
R={ sa- as @
sb - bs,
s - Cs,
aCsa — Cs,
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EPDA: Example

M=(Q,2,I, R s SF) ela, aCl/C, a
where:
elC, €

* Q={s T} E%)
.5 ={a, b} e/b, bC/C, b
o[ ={a,b,S, C}
® R — { a - a.S, @

sb - bs,

s o Cs,

aCsa — Cs,
bCsh - Cs,
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where:

* Q={s T}
o> ={a, b};
o[ ={a,b, S C}
R={ sa- as
sb - bs,
S - Cs,
aCsa - Cs,
bCsh - Cs,
SCs - f}

EPDA: Example |

M=(@Q,2,IT,RSSF)

ela, aC/C, a

elC, €

elb, bC/C, b
Sdeg, €
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EPDA: Example |

M:(Q1Z1F1R1818)F)
where: i

* Q={s T}
o> ={a, b};
o[ ={a,b, S C}
R={ sa- as
sb - bs,
S - Cs,
aCsa - Cs,
bCsh - Cs,
SCs - f}

ela, aC/C, a

T elC, €

/b, bC/C, b
Sdeg, €
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EPDA: Example |

M:(Q1Z1F1R1818)F)
where: i

* Q={s T}
o> ={a, b};
o[ ={a,b, S C}
R={ sa- as
sb - bs,
S - Cs,
aCsa - Cs,
bCsh - Cs,
SCs - f}

- F={)
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EPDA: Example |

M=(Q,2,T,R S SF)
where: i
* Q={s T}

e > ={a, b},

o[ ={a,b, S C}

R={ sa- as

ib - ?;SS Questiont abbal L, (M)?

aCsa —» Cs,
bCsb - Cs,
SCs - f}

- F={)
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EPDA: Example |

M=(Q,2,T,R S SF)
where: i
* Q={s T}

e > ={a, b},

o[ ={a,b, S C}

R={ sa- as

ib - ?;SS Questiont abbal L, (M)?

aCsa - Cs, Ssabba
bCsb - Cs,
SCs - f}

- F={)
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EPDA: Example |

M=(Q,2,T,R S SF)
where: i
* Q={s T}

e > ={a, b},

o[ ={a,b, S C}

R={ sa- as

ib - ?:SS Questiont abbal L, (M)?

aCsa — Cs, Ssabba |- Sasbba
bCsb - Cs,
SCs - f}

- F={)
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EPDA: Example |

where:

* Q={s T}

o> ={a, b};

o[ ={a,b, S C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F={)

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?
Ssabba |- Sasbba|- Salsba
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EPDA: Example |

where:

* Q={s T}

o> ={a, b};

o[ ={a,b, S C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F={)

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?

Ssabba |- Sasbba|- Salsba
|- SabGha
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EPDA: Example |

where:

* Q={s T}

o> ={a, b};

o[ ={a,b, S C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F={)

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?

Ssabba |- Sasbba|- Salsba
|- SabGhal-SaCGsa
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where:

* Q={s T}

o> ={a, b};

o[ ={a,b, S C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F={)

Ssabba

EPDA: Example |

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?

— Sasbbal|- Salsba
—SabGhal-SaGsa
—SCs



36/50

where:

* Q={s T}

o> ={a, b};

o[ ={a,b, S C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F={)

EPDA: Example |

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?

Ssabba |- Sasbba|- Salsba
—SabGhal-Satsa
—-SGs |-
Answer: YES
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where:

* Q={s T}

o> ={a, b};

[ ={a,b, S, C}

R={ sa- as
sb - bs,
S - Cs,

aCsa - Cs,

bCsb - Cs,
SCs - f}

- F= {1}

EPDA: Example |

M = 2, [, R F
QITRsSH

Questiont abball Li(M)?
Ssabba |- Sasbba|- Salsba
—SabGhal-SaGsa
—-SCs |-
Answer: YES

Note: L(M); = L(M), =L(M);, = {xy: x,y O Z°, y = reversal)}
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Three Types of Acceptance: Equivalehce

Theorem:

e L= L(My); for an EPDAM; <
e L=L(M,),for an EPDAM, <
e L = L(My); for an EPDAM; <

L(Mg,);. for an EPDAM;,
L(Mg,);. for an EPDAM;,
L (M,), for an EPDAM,

Note: There exist these conversion:

EPDAM;, that accepL
by final state and
empty pushdowr

EPDAM:; that accepL
by final state

EPDAM, that accepL
by empty pushdown
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EPDAs and PDA as Parsing Models for Cs

Gist: An EPDA or a PDA can simulate the
construction of a derivation tree for a CFG

e TWo basic approaches
1) Top-Down Parsing | 2) Bottom-Up Parsing

Input string \

Input string

From Stowards
the Input string

From the input

|
|
|
|
|
|
\ |
|
|
|
|
| .
| string towards S
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Gist: An EPDA M underlies a_bottomup parser
1) M containsshift rules that copy the input symbols
onto the pushdown
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EPDAs as Models of Bottorp Parsers 1/2

Gist: An EPDA M underlies a_bottomup parser
1) M containsshift rules that copy the input symbols
onto the pushdown

[T JOET Y] foreverya i 5

— — addsa - asto R
Lo 1al Ol vy, |

2) M containsreductionrules that simulate the
application of a grammatical rule in reverse:

®‘ LY \ for everyA - x P In G:

N ‘ |y| \ addXS_>AS’[OR;

3) M also contains the rulefss - 1 that takesM to a
final state
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EPDAs as Models of Bottorp Parsers 2/2

Bottom-up construction of a derivation tree:

Derivation tree:

start pushdown symbol

-[#A1OL Ix1 L ivi [ 17
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Bottom-up construction of a derivation tree:

Derivation tree:

B
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Derivation tree:
|#| LX |B| LZ] ||] E
id IS B@ LZ]
B e B e [ L 2
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Bottom-up construction of a derivation tree:

Derivation tree:
Rule: C - 7
|#| LX |B| LZ] ||] E
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Bottom-up construction of a derivation tree:

Derivation tree:

‘#l L X |B. I]

Rule: C - 7

|#| LX |B| LZ] ||] E
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Bottom-up construction of a derivation tree:

Rule: S— xBC Derivation tree:
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Rule: C - 7
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EPDAs as Models of Bottorp Parsers 2/2

Bottom-up construction of a derivation tree:

Q)]
— |  H5s R

Rule: S xBC Derivation tree:
#l Xy
Rule: C - 7
#l X, |B
#1 1 X 12}
RlIflleiB_)lyl | |
1 #] yx; | |Y_|J 17, |
| #] T2
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Algorithm: From CFG t&ePDA

e Input: CFGG=(N, T, P, 9
e Qutput: EPDAM=(Q, 5, T, R s, #, F); L(G) = L(M)
 Method:

*Q:={s Tk
2 =T,
e[ =NOTUO{#}

e Construction oR:
o for everya 1 2, addsa - asto R;
o for everyA - x P, addxs - Asto R,
e add#=s - | 1OR;

*F=k
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«G=(N,T,P,S), where:

N={S}, T={()} P={S - (5),S - ()}
Objective: An EPDA M such thaL(G) = L(M);

M=(Q,2T,R s # F)where:
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From CFG to EPDAExample 12

«G=(N,T,P,S), where:

N={S}, T={()} P={S-(5,S - ()}
Objective: An EPDA M such thaL(G) = L(M);
M=(Q,2T,R s # F)where:
Q={s 1} 2=T={()s FT=NUOTUO{#A={S (,),#

‘CoT Y aT S ((S9uP S ()OP

ugs ugs
R= {§( — (S, S) — )S,J @)S — SS, ()S — SJS, #SS }
shift rules reduction rules

F={1}
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From CFG tcEPDA: Example 2/¢

M=(Q,2T,R s # F), where:

Q={s 1} 2=T={()L I ={(), S#, F= {1}
R={s( - (5,9 - )s,(Ss - Ss,()s - Ss, #Ss - 1}

Questiont (()) U L(M);?

ACLIN D]
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PDAs as Models of Tepown Parsers 142

Gist: An PDA M underlies a topdown parser

1) M contains poppingrules that pops the top symbol from the
pushdown and reads th input symbol if both coincide
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PDAs as Models of Tepown Parsers 142

Gist: An PDA M underlies a topdown parser

1) M contains poppingrules that pops the top symbol from the
pushdown and reads th input symbol if both coincide

Ll_l_lzl@\_Ll_l_I for everya [ 2

addasa - stoR;

| | | |
‘ LX) ‘ ‘ LY | ‘
2) M containsexpansionrules that simulate the
application of a grammatlcal rule:

-@‘ | for everyA - a,...a,0PinG,

/% addAs - a,...a;stoR;
h—l
‘an:...:ad ‘ :y: ‘ = reversal@, ...a,)
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PDAs as Models of Tepown Parsers 242

Top-down construction of a derivation tree:
start pushdown symbol
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Top-down construction of a derivation tree:
start pushdown symbol

Empty OVK OVK OVK
pushdown —/I] © I]
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Algorithm: From CFG td°DA

e Input: CFGG=(N, T, P, 9
 Qutput: PDAM=(Q, %, T, R s, 5, F); L(G) =L(M),
 Method:

* Q:={sh;
2 =T,
e[ =NOT;

e Construction oR:
o for everya 1 2, addasa —» sto R;
o for everyA - x P, addAs - ysto R,
wherey = reversalf);
® F = ,
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N={S}, T={()} P={S-(5,S - ()}
Objective: An PDA M such thalL(G) = L(M),

M=(Q,2T,RSs S F)where:
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From CFG tdPDA: Example 2/3

M=(Q,2T,RsS,F), where:

Q={st, 2=T={()}1, T ={(). S}, F=0
P={(s( > )9 -5 Ss-)S(s Ss-)s}

Question (( )) U L(M).?
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Models for Context-freeanguagels

Theorem: For every CFGG, there is an PDA
M such that (G) = L(M)..

Proof. Sec¢theprevious algorithn

Theorem: For every PDAM, there is a CFG
G such that. (M), = L(G).

Proof: See page 486 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for

context-free languages are
1) Context-free grammars 2) Pushdown automatg




