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Part XIII.
Beyondthe Context-Free
Language:



Alan Turing (1912 — 1954)
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Turing MachinegTM)

Gist: The most powerful computational model.

Finite
State
Control

Tape: | Read-write head

ala,| ... a .. |a,|A]A]|A

Note: A = blank
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Turing Machina: Definition

Definition: A Turing machine (TM) Is a 6tuple
M=(Q,2,,R s, F), where

e QIs finite set of states

> IS aninput alphabet

o [ Is atapealphabet; AL ; 20T
* Ris afinite set of rules of the form:pa - qbt,
wherep, g Q,a, bl tO{SR, L}

e s [] QIS thestart state

e F L QIs a set ofinal states

Mathematical note:
 MathematicallyRis a relation fronQ x N toQ xI'x{S R, L}

o Instead of |pa, gbt), we writepa - gbt
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Interpretation of Rules

*pa — QbS: If the current state and tape symbol @enda,

respectively, then replaeewith b, changeo to g, and keep the
headStationary.

@I:x:@:vllq@llxl II;I Y, |

*pa — (bR: If the current state and tape symbol panda,
respectively, then replaeewith b, shift the head a squalireght,
and change to 0.

O™ | O

*pa — gbL: If the current state and tape symbol |a|a:nda,

respectively, then replaeewith b, shift the head a squalreft,
and change to o.

‘@‘|:X:é:v:|#‘@‘|:x:‘|b| v, |
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Graphical Representation

(@) represents 0 Q

—(©) represents the initial stas 0 Q

represents a final statt

Al

-

@-22> () denotepa - gbSOR
@-22R (@ denotepa - gbROR

@22 (@) denotepa - gbL OR
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

*Q={sp qf} @ @

© ©
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

Sofah OO

© ©
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

e | @ @

o[ ={a, b, A};

© ©
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where: AA S
.Q:{S1 O’q1f}; :

e > ={a, b}, @' @
o[ ={a, b, A};

e R= {$ — fAS,

© ©
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

cQ={s,p,q,f}h AN, S
> ={a, b}; @' @
ala, R

o[ ={a, b, A};
® @

‘R:{$ — fAS,
sa - paR,
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

cQ={s,p,q,f}h AN, S
e > ={a, b},

o[ ={a, b, A};

e R={sA - fAS, ala, R b/b, R

» @

b - pbR,
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Turing Machine Examplel/2 |

M=(@Q,2,T,R S F)

where:
QQ:{S’ 0, 0, f}’ A/A S
e > ={a, b}, <' : )
o[ ={a, b, A};
e R={sA - fAS, ala, R b/b, R
sa - paR,
sb - pbR

pa—>oaR: ?é /
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Turing Machine Examplel/2 |

M=(@Q,2,T,R S F)

where:
QQ:{S’ 0, 0, f}’ A/A S
e > ={a, b}, <' : )
o[ ={a, b, A};
e R={sA - fAS, ala, R b/b, R
sa - paR,
sb - pbR,
pa - par, a/a 3 b/b R

ob _ pbR, @
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)
where:

o Q — {5, 0, 0, f}’ A/A, S
e > ={a, b}, @
o[ ={a, b, A}; ;;
e R={sA - fAS, ala, R[ \b/b, R
sa - paR,
sb - pbR,

o 2 R ’& o~
0N - qAL’, .Q’ A/A,L/CCD




M=(Q,2,T,R s F)
where:
*Q={sp qf}
e > ={a, b},

o[ ={a, b, A};

e R= {$ — fAS,
sa - paR,
sb - pbR,

Na — pak,

b - pbR,

DA - gAL,

ga — fAS,

6/45

Turing Machine Examplel/2 |

AN, S

ala, R@bjb, R
ala, B b/b, R
C@) wa,

20

all, S

fo
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Turing Machine Examplel/2 |

M=(Q,2,T,R s F)

where:

cQ={s,p,q,f}h AN, S

e > ={a, b},

o[ ={a, b, A};

e R={sA - fAS, ala, R b/b, R
sa - paR, biA, §  |alA, S
sb - pbR

Sl o
A - gAL, SO) NA, L O

ga - fAS,
gb - fAS}
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Turing Machine Examplel/2 |

M=(Q,2,,R S F)

where:

cQ={s,p,q,f}h AN, S

e > ={a, b},

o[ ={a, b, A};

e R={sA - fAS, ala, R b/b, R
sa - paR, biA, §  |alA, S
sb - pbR

Sl o
A - gAL, SO) NA, L O

ga - fAS,
gb - fAS}




M=(Q,2,T,R s F)
where:
*Q={sp,q,f}

e > ={a, b},

o[ ={a, b, A};

e R= {$ — fAS,
sa - paR,
sb - pbR,

Na — pak,

b - pbR,

DA - gAL,

ga — fAS,

gb - fAS}

 F={f)

6/45

ala

, B b/b, R
C@

bIA, S

Turing Machine Examplel/2 |

; AIA, S @
ala, R b/b, R

all, S

) s, (5
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Turing Machine Example2/2

Note: M deletes a symbol

T™M M: before the first occurrence Af
AN, S @ lllustration:
_’@, ‘ @‘ éblAIAL..
ala, R b/b, R
b/A, S |a/lA, S

ala, B /b, R

AIA, L
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Turing Machine Example2/2

Note: M deletes a symbol
™M M: before the first occurrence Af

AN, S @ lllustration:
‘ @‘ E|b|A|A|...
ala, R b/b, R ==
/A S a/A,Sw [a]b]AJAT ...

ala, B /b, R

AIA, L
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Turing Machine Example2/2

Note: M deletes a symbol
™M M: before the first occurrence Af

AN, S @ lllustration:
_’@, | @‘ éblAIAL..

ala, R b/b, R
A, S M,s%

ala, B /b, R ‘ @‘
(=

AIA, L
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Turing Machine Example2/2

Note: M deletes a symbol
™M M: before the first occurrence Af

AN, S @ lllustration:
_’@, | @‘ éblAIAL..

ala, R b/b, R
A, S M,s%

a/a,b,R ‘@‘
& O =

AIA, L
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Turing Machine Example2/2

Note: M deletes a symbol
™M M: before the first occurrence Af

AN, S @ lllustration:
_’@, | @‘ éblAIAL..

ala, R b/b, R
A, S M,s%

ala, B /b, R ‘@‘
O 5T

A/A,L N bAA...

| O 2
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TM Configuration

Gist: Instantaneous description of TM

What does a configuration describes?
1) Current state2) Tape Content<3) Positior of the hea

.[@] 2[@
afa)] ... [alad... [a]AJA]... E‘lla?l"'lanlAlA AlA
Y ' -y
X y X y
Configurationxpy

Definition: LetM=(Q, 2,I',R,s,F)beaTM
A configuration of M Is a stringx = xpy, where

xOr7, p0Q,ydr(r—{A}) t {A}.
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Stationary Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes &stationary move from x to x’
according tc , written asy |-sx' [ ] or,
simply, X [ X' If

X =xpay, X’ =xgbyand :pa - gbSLUR

lllustration:

@ L_.X, le Y. |
g

BN

__

[ . x, |

Confiaaration
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Stationary Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes &stationary move from x to x’
according tc , written asy |-sx' [ ] or,
simply, X [ X' If

X =xpay, X’ =xgbyand :pa - gbSLUR

lllustration:
Rule: pa —» gbS

@ L_.X, le Y. |
g

BN

__

[ . x, |

Confiaaration
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Stationary Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes astationary move from x to x’
according tc , written asy |-sx' [ ] or,
simply, X [ X' If

X =xpay, X’ =xgbyand :pa - gbSLUR
lllustration:

Rule: pa —» gbS

@IZXZ;IZVZI @I:x: v
X Iélal | CXO@ECY:

|
Configuration New Configuration
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
= X If X = xpay :pa - ghR Rand

(1) X —quy y;ta or

(2) X = XboA, y =

D -

X, IIaI ]

) - -

Conflguratlon
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
= X If X = xpay :pa - ghR Rand

(1) X —quy y;ta or

(2) X = XboA, y =

‘ \ Rule pa - qu
I

X, IIaI ]

) - -

Conflguratlon
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
— X' If X = xpay :pa - ghR Rand
(1) X —quy y;ta or
(2) X = XboA, y =

D o *3 D |blél : |

X, IIaI ]

__ N

Conflguratlon New Configuration

_

) -
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
— X' If X = xpay :pa - ghR Rand
(1) X —quy y;ta or

(2) X' = XboA, y =
Rule pa_> qu
Iy D -
&.x IIaI l [ IbI | vi ]
or Configuration New Configuration
@ I le
Lx, IEJ

Configuration
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
— X' If X = xpay :pa - ghR Rand
(1))( —quy y;ta or

(2) X' = XDoA,
uIe pa - qu‘ \
I

gal Iblél v, |

or Conflguratlon New Configuration
‘ @\ Rule: pa - gbR
L_.X, Aam
[ x: 1(o)[al

Configuration
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Right Move

Definition: Let ¥, X’ be two configurations oM.
Then, M makes aright move from X to X
accordm«to , Written as x |—Rx [ ] or, simply, X
— X' If X = xpay :pa - ghR Rand
(1))( —quy y;ta or

(2) X' = xbaA,
uIe pa 5 quIj &
Y. |

IaI IbI L.y, |
or Conflguratlon New Configuration

Rule: pa - gbR
@ TIAIAT ©

[ IIEI :x: IbI

LConfi@TJration New Conflguratlon
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes deft move from x to x’according
to , written asx |-, X' [ ] or, simply, X |- X' If
(1) x = xcpay, X'= xqchy,yZeorb#A, :pa - obL ORor
2) X =Xcpa, X' = Xqc, :pa - gAL OR

@IZZII"II

L.x. Ic]

Configuration
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes deft move from x to x’according
to , written asx |-, X' [ ] or, simply, X |- X' If
(1) x = xcpay, X'= xqchy,yZeorb#A, :pa - obL ORor
2) X =Xcpa, X' = Xqc, :pa - gAL OR

Rule: pa - gbL
@I X I V. I

Lx ICI [a] Tvi ]
4

Conflguratlon
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes deft move from x to x’according
to , written asx |-, X' [ ] or, simply, X |- X' If
(1) x = xcpay, X'= xqchy,yZeorb#A, :pa - obL ORor
2) X =Xcpa, X' = Xqc, :pa - gAL OR

‘ @\ Rule pa_> qu‘ \
L .X, Ic V. I chI |
L, IcI A Tv: ] | |C|b| il
Conflguratlon New Coﬁﬁguratlon

S
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes deft move from x to x’according
to , written asx |-, X' [ ] or, simply, X |- X' If
(1) x = xcpay, X'= xqchy,yZeorb#A, :pa - obL ORor
2) X =Xcpa, X' = Xqc, :pa - gAL OR

‘ @\ Rule pa_> qu‘ \
L .X, Ic I chI I
R IaI ] a ICIbI ]
or Conflguratlon New Coﬁﬁguratlon

@| >, TcJalATAT.
CX TA®E

Con?irguration

S
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.

Then, M makes deft move from x to x’according

to , written asx |-, X' [ ] or, simply, X |- X' If

(1))( xcpay, x xqcby yzeorb#A, :pa - goL ORor
x XCcpa, X' = XJc, :pa - qALDR

uIe pa_> qu
c I chI I
Lx IcI IaI | ICIbI ]

S

or Conflguratlon New Conflguratlon

|:i| X, Em
X IOE

Con?irguration
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Left Move

Definition: Let ¥, X’ be twoconfigurations oM.

Then, M makes deft move from x to x’according

to , written asx |-, X' [ ] or, simply, X |- X' If

(1))( xcpay, x xqcby yzeorb#A, :pa - goL ORor
x XCpa, X' = Xqc, :pa - gAL R

uIe pa_> qu‘ \
c I chI I
Lx IcI IaI = ICIbI ]

S
v

Conflguratlon New Configuration

|c C ALD| CTATAIAL
|c||§| # |‘

Conflguratlon New Conflguratlon
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Move

Definition: Let ¥, X’ be twoconfigurations oM.
Then, M makes anove from ¥ to X’ according tqg
arule , written asx |- x’ [ ] or, simply, x |- X' If
X |~ X [ ]forsomeX{S R, L}
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Sequence of Moves 1/2
Gist: Several consecutive computational steps

Definition: Let X be a configurationV makesg
zero moves from x to x; In symbols

X |-° X [€] or, simply,x [-° X

Definition: Let Xq, X4 -..,X, b€ a sequence df
configurationsn=1, andy;, |-X;[rl, rnOR
foralli =1, ...,n; that Is
Xo [=Xa [rad =Xz [ra] - [=Xn [Fl
Then,M makesn moves from X, to X,
Xo I=" Xn [Fy... 7ol OF, simply,Xo [-"X;
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Sequence of Moves 2/2

If Xo [-" X, [P] for somen = 1, then
Xo |=" XnlP] Or, simply, Xo =" X;

It Xo [-" X, [P] for somen = 0, then
Xo |- Xnlpl or, simply, X, |- Xn

Example: Consider

apbc |- agac[1: pb —» gaS], and

agac |-acrc [2: ga - rcR].

Then, apbc |[-? acrc[1 2,
apbc |- acrc[1 2,
apbc |- acrc[1 2]
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TM as a Language Acceptor

Gist: M acceptsw by a sequence of moves
from sto a final state.

Definition: LetM =(Q, 2,I, R, s, F) be aTM.

Thelanguage accepted by M, L(M), Is defined as:

LIM) ={w. w2, sw|- xfy; x,yd I, fOF}
{e: A |- xfy, x,yOd I, fOF}

lllustration:

e For w#E€:

‘ ® Pl W, IAIAI#‘ ® ‘| X, I‘Zvl [AIA]...
e Forw=g¢: * o

L© I?AIAL- #‘ O, ‘I T v TAIAL.
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TM as an Acceptor: Example

sabbal-Aqg,abb|-Aag,bb|-Aabg,b |- Aabbg,A |- Aabg,b
—Aag;b |-Agzab |- g;Aab |- Asab [-AAg, b [-AAg, b
—AADbg,A |- AAQ,D |- AGA |-sA |- TA

Summary: abbal L(M)

Note: L(M) = {a"b". n = 0}
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TM as a Computational Model

Definition: LetM = (Q, Z,I', R, s, F) be a TM;
n-place function @ is computed by M provided that
sSAXAX,.. A |- TA with f O F if and only if

P(X 1y Xoyueny X)) =

lllustration:

‘i@ ST AT AT A A AL

‘®|%| Y TA[AL- | OXq, Xopeeey X)) =Y
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TM as a Computational Model: Example

™ M:

UTR ULR T 1
A11A11|-Ag,11A11|-Alg,1A11 |-Al1g,A1l |-A111g,11
~A11110,1 |-A111110,A |-A11110,1 [-A111q,1
—A110,11 |- A19,111 |- Ag,1111|-q,A1111
—fA1111

Summary: ¢(11, 11) = 1111

Note: @(X, X,) =X, + X,, Where
» X, = 12 represents a natural numlaer
* X, = 1° represents a natural numlier
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Deterministic Turing Machin€DTM)

Gist: Deterministic TM makes no more tha
one move from anyconfiguration.

Definition: LetM=(Q, 2,I,R, s, F) be a Th.
M iIs adeterministic TM if for each rulepa -
gbt Rt holds thatR — {pa - gbf} contains
no rule with the left-hand side equala

Theorem: For every TN M, there Is an equivale|
DTM M.,

Proof: See page 634 in [Meduna: Automata and Languages]
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k-Tape Turing Machine

Gist: Turing machine with k tapes

lllustration: — f __
X ... lape]

| | ‘ | |
Lo lad v, |... Tape2
Lx. lal v, |... Tapek

Theorem: For everyk-tape T M,, there Is al
equivalent TMM.

Proof: See page 662 in [Meduna: Automata and Languages]
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k-HeadTuring Machine

Gist: Turing machine with k heads
lllustration:

O)=

1Head 1 lHead 2

X lad X, ] x., ... .. |g,;| X ...

Theorem: For everyk-heacTM M, there i<
anequivalent TMM.

Proof: See page 667 in [Meduna: Automata and Languages]
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TM with Two-way Infinite Tapesg

Gist: Turing machine with tape infinite both
to the right and to the left

llustration:

Theorem: For everyTM with two-way Infinite
tapesM,, there Is an equivalent TM.

Proof: See page 673 in [Meduna: Automata and Languages]
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Description of a Turing Machine

Gist: Turing machine representation using
a string over {0, 1}
e Assume that TMM has the fornM = (Q, 2, ', R, dy, {d4}),

whereQ ={d, d;, --- 0}, = {8y &, ... ,a,} so thata,= A
e Letdis the mapping fromQ@ O O{S,L, R} to {0, 1}~

defined aq 3(S) =01, (L) =001, §R) =
o(q) = foralli=0...m,
o(a) = foralli=0...n
e For every': pa - gbt [1 Rwe define
‘ o(") = o(p)o(a)o(q)o(b)o(t) \
eletR={r,r,...,r.}. Then

‘ O(M) = 1110(r)o(r)...0(r,.) 1 is the description of TNM \
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Description of TM: Example

M=(Q,2T,R q,{d,}), where

Q=100 01} Z2={ay, a}; I ={A, a;, a,};

R={1.0ua; - Qua:R, 2. Qyad, - ua4R, 3. QA - ;AS}
Task: Decription ofM, o(M).

o(S) =01, 0(L) =001, &(R) =

6(q0) — J 6(q1) — /

o(A) =01, 0(ay) = , 0(ay) =
o(M) o(1)o(2)o(2)

d(0p)0(21)0(dp)a(a,)o(R)
0(0p)0(2,)0(0p)o(a,)o(R)
0(00)0(4)0(0,)d(A)d(S)



25/45

Universal Turing Machine

Gist: Universal TM can simulate every DTM
lllustration:

Universal
™™ U l

‘ Description of M, (M) ‘ Input string w ‘ A‘

Note: Universal TMU reads the description of TM,
and the input stringy, and then simulates the moves
thatM makes withw.
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Unrestricted Grammar: Definitign

Gist: Generalization of CFG
Definition: An unrestricted grammar (URG) Is a

quadrupeG= (N, T, P, S), where

* N Is an alphabet afonterminals

e Tis an alphabet dbrminals, Nn T =

e P is a finite set ofules of the form x - v,
wherex O(NOT)N(NOT),yONOT)

S NIs thestart nonterminal

Mathematical Note on Rules:
o Strictly mathematicallyP is a finite relation from

(NOT'NINOTD to(NO T)"
 Instead of X, y) LI P, we writex - y LI P
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Derivation Step

Gist: A change of a string by a rule.

Definition: LetG=(N, T, P, S be a URG. Let
u,vONOT) and :x - yOP. Then uxv
directly derives uyv according to in G, written
asuxv = uyv|[ | or, simply,uxv = uyv.

Loy T T vy ]
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Derivation Step

Gist: A change of a string by a rule.

Definition: LetG=(N, T, P, S be a URG. Let
u,vONOT) and :x - yOP. Then uxv
directly derives uyv according to in G, written
asuxv = uyv|[ | or, simply,uxv = uyv.

Loy T T vy ]

Rule: X -V
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Derivation Step

Gist: A change of a string by a rule.

Definition: LetG=(N, T, P, S be a URG. Let
u,vONOT) and :x - yOP. Then uxv
directly derives uyv accordingto In G, written
asuxv = uyv[ ] or, simply UXV = uyv

R”'””// //&\\ \\

| Iyl |
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Derivation Step

Gist: A change of a string by a rule.
Definition: LetG=(N, T, P, S be a URG. Let
u,vONOT) and :x - yOP. Then uxv
directly derives uyv accordingto In G, written
asuxv = uyv|[ | or, simply,uxv = uyv.

Note: =", =* =* andL(G) are defined by analogy with
the corresponding definitions in terms of CFGs.
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Unrestricted Grammar: Example

G=(N,T,P,9S), whereN={S, A, B}, T={a}
P={1.S - ASB, 'S 5 4,

- Aa - aaA, AB - ¢}
S=a [/]
S=ASB[]1] = AaB [?] = aaAB[3] = aa[4]

S=ASB[!] =>AASBB[1] = AAaBB [/] =
AaaABB [3] = aaAaABB [3] =
aaacAABB [3] = aaacAB [4] = aaaa[4]

Note: L(G) = {a?: n = 0}
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Recursively Enumerable Languages

Definition: LetL be alanguagé. is a

resurcively enumerable language If there

exists i Turing machineM thai L = L(M).

‘Theorem: For every URGG, there is a TMM
such that (G) = L(M).

Proof: See page 714 in [Meduna: Automata and Languages]

‘Theorem: For every TMM, there is a URG
such thaL(M) = L(G).

Proof: See page 715 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for recursively
enumerable languages are

1) Unrestricted grammars 2) Turing Machines
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Context-Sensitive Grammar
Gist: Restriction of URG
Definition: LetG=(N, T, P, S be an
unrestricted grammaG Is a context-sensitive (or
length-increasing) grammar (CSG) if every rule
X - y [ P satisfies|x| < |y|

Note: =, =", =%, =* andL(G) are defined by analogy
with the definitions of the corresponding notiomsWRGs.
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Linear Bounded Automaton

Gist: A Turing machine with a Tape Bounded
by the Length of the Input String.

Finite
State
Control

ala| .. a . la | A
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Linear Bounded Automaton: Definitipn

Gist: With won its tape,M’s tape Is
restricted to |w|squares

Definition: A linear bounded automaton (LBA)
IS a TM that cannot extend its tape by any rule.

Accepted language: lllustration
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Context-sensitive Languages

Definition: LetL be alanguagé. is a
context-sensitive if there exists a
contex-sensitive grammeG that L = L(G).

‘Theorem: For every CSGg5, there is an LBAV
such that.(G) = L(M).

Proof: See page 732 in [Meduna: Automata and Languages]
‘Theorem: For every LBAM, there is a CSG
such thaL(M) = L(G).

Proof: See page 734 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for
context-sensitive languages are
1) Context-sensitive grammars

2) Linear bounded automata
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Right-Linear Grammar: Definitign
Gist: A CFG In which every rule has a string

of terminals followed by no more that
one nonterminal on the righ--hand side
Definition: LetG=(N, T, P, S be a CFGGisa

right-linear grammar (RLG) If every ruleA - X
P satisfiesx [ T° LI T"N.

Example:
G=(N,T,P,S), whereN={S, A}, T={a, b}

P={1.S- a5 2:.S- aA,3A->DbA 4 A 5 Db}
e S=aA[’] = ab[4]

e S=aS[!] = aaA[’] = aab[4]

* S=>aAl’] = abA[3] = abb[4]

Note: L(G) = {a™": m, n > 1}
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Grammars for Regular Languages

‘Theorem: For every RLGG, there is an FM
such that. (G) = L(M).

Proof: See page 575 in [Meduna: Automata and Langu

‘Theorem: For every FAM, there is an RLG&s
such that. (M) = L(G).

Proof: See page 583 in [Meduna: Automata and Languages]
Conclusion: Grammars for regular languages are

Right-linear grammar




Generalization
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Grammars: Summary |

Languagei Grammar |Form of rulesx - yI
Recursively| od |¥ OMNOTYNNOT)Y
enumerable| “Nrestricte yONOT)

Context- Context- |[XO(NOT)N(NOT)
sensitive sensitive [yO(NOT), x|y
X N
Context-free| Context-free yaO(NOT)
_ | X N
Reqgular Right-Linear yOT'OTN

UONDIIISaY
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Automata: Summary

Languagesl; Accepting Device

Recursively Turing

enumerable machine
- 0
9 Context- Linear bounded P
Tl sensitive automaton =
— —
© Pushdown o
® Context-free automaton S
5 Finite

Regular automaton
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Chomsky Hierarchy
— O

A

the family of

the family of reqular =\
recursive enumerable

languages =Type 3

languages =lype 0

the family of contexi- | | the family of context-
free languages = sensitive languages 3
Type 2 Type 1

Type 31 Type 201 Type 1011 Type O
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Languagd_c i accontancd/ 2

Gist: Lsgacceptance!S the language over {0, I} which
contain a stringd(M), if and only DTM M acceptsd(M).

Definition: |
LSeIfAcceptance: {B(M): Mis a DTM,E(M) L(M)}

lllustration:
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Languagd_c i accontancd/ 2

Gist: Lsgacceptance!S the language over {0, I} which
contain a stringd(M), if and only DTM M acceptsd(M).

Definition: |
LSeIfAcceptance: {B(M): Mis a DTM,E(M) L(M)}

lllustration: ‘ %?E/clz;igtion of M:

———
MM @, ; K
 Does TMM accep®(M) = > oM)

4/|Y_EST [ no f

6(M) ] LSeIfAcceptano 6(M) ] LSeIfAcceptano
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LanguagiSﬂIIAmemannglz

Theorem: LggiacceptancdS @CCEPL by some TM.

Proof (idea).

 \We construct a DTMW, which:

1) Replace an input string = o(M) with 6(M)o(M)
2) Simulate an activity of a universal TWI

* Then,L(V) = Lseiacceptance thus theorem holds.

lllustration:

r‘Mdouble IE| | |

‘vh +

L\ U [

5(M) w = 3(M)



Languagd.

Gist: LNonSeIfAcceptance: SelfAcceptance
Definition:
LNonSeIfAcceptance: {O’ 1} — LSeIfAcceptance

‘TI\/II\/I\
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Gist: LNonSeIfAcceptance: SelfAcceptance
Definition:
LNonSeIfAcceptance: {O’ 1} — LSeIfAcceptance

‘ ™ M \ Description of M:




Languagd.
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Definition:
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™ M




Languagd.

Gist: LNonSeIfAcceptance: SelfAcceptance
Definition:
LNonSeIfAcceptance: {O’ 1} — LSeIfAcceptance

™ M

 Does TMM accep®d(M) = ?




Languagd.

Gist: LNonSeIfAcceptance: SelfAcceptance
Definition:
LNonSeIfAcceptance: {O’ 1} — LSeIfAcceptance

‘TI\/II\/I\

Description of M:

5(M) =

— =
™ M
» Does TMM accepté(l\/l) = > OM)

6(M) ] LNonSeIfAcceptance L(M) S NonSeIfAcceptance
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Languagé.y,nseiraccentance! 3

Theorem: l—NonSeIfAcceptancé\S accept b)ﬂ_O ™.

Proof (by contradiction’
* Assume thak ,,sertacceptancdS accepted by a TM.
Consider this infinite table:

M. m; = o(M;) SelfAcceptancgé\V))
»n| M; [111001001001101 Yes
=| M, [11101010111100101 No
=1 M; [1110010001010001001C | Yes
<V : . .
Note:

» SelfAcceptancgM;) = Yes if m, U L(M;)
No If m OL(M,)




Languagd.
* Notice: LNonSeIfAcceptance {m m ] L(M) | = 1 }
e LetL(M,) =L

NonSelfAcceptance



* Notice: I—NonSeIfAcceptance {m m ] L(M) | = 1 }

* Let L(Mk) LNonSeIfAcceptance
e SelfAcceptanc(M,) = No |mpI|e<

m, O L(M,) iImplies
mk — -NonSeIfAcceptancé-mpIIeS
m, O L(My)



* Notice: I—NonSeIfAcceptance {m m ] L(M) | = 1 }

* Let L(M k) LNonSeIfAcceptance
e SelfAcceptanc(M,) = No |mpI|e<

m, O L(M,) iImplies
mk — —NonSeIfAcceptancé-mpIIeS
m, O L(My)

contradiction



* Notice: I—NonSeIfAcceptance {m m ] I—(M) | = 1, -

.}

* Let L(M k) LNonSeIfAcceptance
e SelfAcceptanc(M,) = No |mpI|e<

My
My

L(M,) Implies
—NonSeIfAcceptancé-mpIIeS

L(My)

contradiction
» SelfAcceptancéV,) = YeS|mpI|es

_(M,) Implies

—NonSeIfAcceptancémpIIeS
L(My)



* Notice: LNonSeIfAcceptance

My
My

{m; : mDL(M) | = 1,

* Let L(M k) — LNonSeIfAcceptance
e SelfAcceptanc(M,) = No |mpI|e<
L(M,) Implies

—NonSeIfAcceptancé-mpIIeS

o}

(M)
contradiction

» SelfAcceptancéV,) = YeS|mpI|es

My
My
My

_(M,) Implies
—NonSeIfAcceptancémpIIeS

(M)

contradiction



* Notice: I—NonSeIfAcceptance {m m ] I—(M) | = 1

o}

* Let L(M k) LNonSeIfAcceptance
e SelfAcceptanc(M,) = No |mpI|e<

My
My

L(M,) Implies

—NonSeIfAcceptancé-mpIIeS
(M)

contradiction
» SelfAcceptancéV,) = YeS|mpI|es

My
My
My

_(M,) Implies

—NonSeIfAcceptancémpIIeS
L(My)

contradiction
* LNonSeIfAcceptancc!-S accepted ble ™ |\/Ik
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Recursive Language

Gist: Recursive Language accepts TM that always hal

Definition: LetL be a language. lf = L(M),
whereM is DTM that always halts, thel Is
arecursive language.

Theorem: The family of recursive languages i$
closed under complement.

Proof: See pag69Zin [Meduna: Automata and Languac

Theorem: The family of recursively enumerable
languages isot closed under complement.

Proof: See tha

SelfAcceptance
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Other Hierarchy of Languages

The family of The family of rec.
recursive languages enumerable All
(accepted by TMs languages Lang.
that always halt) (accepted by TMs

—

L

L SelfAcceptance NonSelfAcceptance




