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Part XIlI.
Normal Forms and
Properties of CFL s
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Chomsky Normal Form (CNF)

Definition: LetG=(N, T, P, S be a CFG.
G Is iIn Chomsky normal formif everyrule In
P hasone of these forn

« A - BC, whereA, B, CLN;

e A - a,whereAON,allT,;

Example:

G=(N,T,P, 5, whereN={A,B, C, S}, T={a, b},
P={S-CB,C- ASS- AB,A- aB - b}
IS In Chomsky normal form.

Note: L(G) = {a"b™ n=> 1}




3/31

Greibach Normal Form (GNF)

Definition: LetG=(N, T, P, S be a CFG.

G Is In Greibach normal formif everyrule In
P is of this formr

e A - ax,whereAON,alT,xON

Example:

G=(N,T,P, S, whereN={B, S}, T={a, b},
P={S - aSB, S - aB,B - b}

IS In Greibach normal form.

Note: L(G) = {a"b™ n=> 1}
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Generéive Power of Normal Forms

Theorem: For every CFGG, there is an
equivalent grammds’ In

Chomsky normal forn
Proof: See page 348 in [Meduna: Automata and Languages]

Theorem: For every CFGG, there is an
equivalent grammds’ In

Greibach normal forr
Proof: See page 376 in [Meduna: Automata and Languages]

Note: Main properties of CNF and GNF:
CNF:if S="w;, wOT thenn=2jy| -1
GNF: if S="w; wOT thenn= ||
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General Parsing Methods

* General Parsing methods(GP) are applicable to
all context-free languages (CFLS)

lllustration:

@

The family of The family of The family
LL Ianguage LR language: ofCFLs

LL Methods LR Methods General Parsing
Methods

* Note: The family ofLR languages =
the family of adeterministic CFL
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GP Based on kkbmsky Normal For

1, n]
7N\
ldea: ) '
g1, 3] ... §[n-2,n]
S[1, 2] S[2, 3] ... 9n-1,n]
91, 1] S[2, 2] S[3, 3] SN, n]

- Input string: [ &3 a, A, - af
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GP Based on kkbmsky Normal For

1, n]
7N\
|dea: ‘ '
g1, 3] ... §[n-2,n]
S[1, 2] S[2, 3] ... 9n-1,n]
91, 1] S[2, 2] S[3, 3] S[n, n]

I

- Input string: [ &3 a, A, - af
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GP Based on kkbmsky Normal For

1, n]
7N\
ldea: ) '
g1, 3] ... §[n-2,n]
S[1, 2] S[2, 3] ... 9n-1,n]
AO 91, 1] S[2, 2] S[3, 3] SN, n]

? A

e | ] |

- Input string: [ &3 a, A, - af
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1, n]
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ldea: ) ‘
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AO S1,1] BO 92, 2] S[3, 3] S[n, n]

1T 1 t
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GP Based on kkbmsky Normal For

1, n]
7N\
ldea: ‘ '
, 3 ... gn-2,n]
o
DL, 2] JéLD S[2, 3] ... §[n-1,n]
A0 91,1 BOS2,2] CO 93, 3] S[n, n]
o {88 | cha | |
A - a B - a C- a;

- Input string: [ &3 a, A, - af
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GP Based on kkbmsky Normal For

1, n]
F - AE ..°/ \°..
ldea:
, 3 ... gn-2,n]
' a
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GP Based on kkbmsky Normal For

1, n]
F - AE ..°/ \°..
ldea:
... 9n-2,n]
e o
DOS[1,2] EOS2 3] \ .. Sn-1,n]
A0 91,11 BOS2,2] CcO 93, 3] S[n, n]

e [8Vs | cTa | |
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GP Based on kkbmsky Normal For

1, n]
F - AE / \
ldea: G _ DC
N
F GO ... gn-2,n]

Ny

DL, 2] JéLD S[2, 3] ... §[n-1,n]
AO S[1,1] BOS2,2] CcO 93, 3] S[n, ]
o {88 | cha | |
A - a B - a C- a;
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GP Based on kkbmsky Normal For

If SO S[1, n] then S[1, n]
S =* d; ... d, / \
F - AE
ldea: G _ DC
.y
F GO
.y
D LJ9[1, 2]
AD S[1,1] BO 92,2] CcO 93, 3] S[n, n]
A - a B - a, C- a

- Input string: [ &3 a, A, o ay
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Algorithm: GP Based on CNF

elnput: G=(N, T, P, S In CNF,w=a,...a,
e OQutput: YESIf wl L(G)
NO if wlL(G)
* Method:
e foreacha,1=1,...,ndo
Si,i]:={A:A > a P}
* Apply the following rule until no i, k] can
be changed
f A - BCUOP,B0OSIL, ], COS[j+1, K],
where I<i1 <] <k <nthenaddA to i, K]
o If S Y1, n] thenwrite CYES')
elsewrite 'NQO’)
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GP Based on CNF: Examplél

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—) a,B — b,S—> C}
Question: aacbbl L(G)?

1, 1]-{A} 92, 2F{ A} §3,3K{ S} 4, 4F{ B} 35, 5K{ B}
A - a A - a S.cC B Db B-Db

a a C b b
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GP Based on CNF: Examplé&2

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—> a,B — b,S—> C}
Question: aacbbl L(G)?

g1, 2] S[2, 3] S[3, 4] S[4, 5]

S =AY 97, 2 AY 95 5 S §4, 4R B 95, 5]F B}

a a C b b
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GP Based on CNF: Examplé&2
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GP Based on CNF: Examplé&2

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—> a,B — b,S—> C}
Question: aacbbl L(G)?

S[1,21=0  S[2,3=0  9[3, 4]={C} S[4, 5]
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a a C b b
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GP Based on CNF: Examplé&2
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GP Based on CNF: Examplé3

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—> a,B — b,S—> C}
Question: aacbbl L(G)?

S[1, 3] S[2, 4] (3, 5]
S[1,21=0  9[2,3]=0  9[3,4]={C} S[4,5]=00

1, =AY S[2,2F{ A} 33 2F S S4,4-{ B} 3[5, 5]F{ B}

a a C b b
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GP Based on CNF: Examplé&3

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—) a,B — b,S—> C}
Question: aacbbl L(G)?

S5 AC

S1,31=0 S2, 4 53, 5]
S, 20 ﬁ:m S5 A=(C} S[4, 5]=C

1, =AY S[2,2F{ A} 33 2F S S4,4-{ B} 3[5, 5]F{ B}

a a C b b
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a a C b b
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GP Based on CNF: Examplé4

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—) a,B — b,S—> C}
Question: aacbbl L(G)?

g1, 4] S[2, 5]
91, 31=0 92, 4]={S} 9[3,5]=0
S[1,21=0 S[2,3]=0 S[3,4]={C} S[4,5]=0

1, =AY S[2, 2F{ A} S3,3FH S 4, 4-{ B} 3[5, 5-{ B}

a a C b b
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GP Based on CNF: Examplé&5

G=(N,T,P, 9, whereN={A,B, C, S}, T={a, b},
P:{S—>AC,C—> SB,A—> a,B — b,S—> C}
Question: aacbbl L(G)?

SI[1, 5]
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a a C b b
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1, =AY S2, 2F{ A} S3,3F S 4, 4R B} 3[5, 5={ B}

a a C b b
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Pumping Lemma for CFL

e LetL be CFL. Then, there exists 1 such that:
If zJ L and|zl = kthenthere exisu, v, w, X, y SO
Z = Uvwxy and

1) vx # ¢ 2) lvwx| < k 3) for eachm = O, uv™wx™y [ L

Example:

G=({S A} {ab,c},{S- alAa A - bAb,A - ¢}, 5
generate (G) = {ab"cb"a: n=> 0}, soL(G) is CFL.
Thereis k = 5 such thal), 2) and3) holds:

e for z= abcba: zO L(G) and|Z = 5:

Uk UAWxOy = 2h0chPa = aca 0 L(G)
vx = bb 2 Y uviwxly = ablcbla = bcb [ L(G)
e 1<3<5 Ay = ob2ck?a = abbebb 1 L(G)

« for z= abbcbba: zO L(G) and|Z = 5:
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Pumping Lemmalllustration

e L = any context-free language:
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Pumping Lemmalllustration

e L = any context-free language:

r — | | ‘nothing Interesting
K
— - = ] 0L
kK~
ulv] w [ X]
1) D o €
) ~N
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Pumping Lemmalllustration

e L = any context-free language:

r — | | ‘nothing Interesting
K

— - = ] 0L
k <l

ul v] w [ X]

1) Y or £

) S Nk

su | w | y | UL

[U[Vv] w [x] vy ]0L
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Pumping Lemma: Application

* Based on the pumping lemma for CFL, we often make a proc
by contradiction to demonstrate that a languageis CFL.
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]
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: | from the pumping lemmauv™wxmy [ L

} contradiction

‘ false assumption‘




15/31
Pumping Lemma: Application

» Based on the pumping lemma for CFL, we often make a proc
by contradiction to demonstrate that a languageis CFL.

E. ...................... ’l Assum‘ thatL iS a CFL ‘

f ]
Consider the PL constaktand select 1 L, whos
length depends dnso|z|= k is surely true.

B}

For all decompositions ¢z into uvwxy: vX # g, [vWXx| < Kk, show the
: | there existsn = 0 such thativ™wx™y [ L;
: | from the pumping lemmauv™wxmy [ L

!
‘false assumption| > LLhﬁg?fgrgi:L

} contradiction
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Pumping Lemma: Example 1/f

Prove thal. = {a"b"c" : n> 1} Is not CFL.

1) Assume thak is a CFL. Lekk = 1 be the pumping
lemma constant fcL.

2) Let z= akbrck: akbkekO L, || = |Jakbkck| = 3k = k

3) All decompositions of Into uvwxy, vX # g, vwx| < k:

K K K
3 a.. ‘Bb...pp...bﬁc...gcccé
/. N
a)wwx O{ }{b}", b) wx O {b}*{c}",

VX % € VX % €
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Pumping Lemma: Example 21Y

a) vwx U {a}"{ b} K

« Pumping lemma: D bbb .. QFCC @
uvowxy O L U VWX

s oy = uwy =[] -G B Jbuocc cqm

Note: uwy containlék CS, bL\JA'E fewer thark S or bs.

b) wx O {b}*{c}": K kK

« Pumping lemma: [ QLb bbec 9]@
uvewxy 00 L VWX y

Wy = iy <[ b[ BBEEqq oL

: u
Note: uwy containsk as, but fewer thark Bs or cs.
All these decompositions lead to a contradiction!
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Pumping Lemma: Example 21Y

a) vwx U {a}"{ b} K

« Pumping lemma: D bbb .. QFCC @
uvowxy O L U VWX

s oy = uwy =[] -G B Jbuocc cqm

Note: uwy containlék CS, bL\JA'E fewer thark S or bs.

b) wx O {b}*{c}": K kK

« Pumping lemma: [ QLb bbec 9]@
uvewxy 00 L VWX y

Wy = iy <[ b[ BBEEqq oL

i u
Note: uwy containsk as, but fewer thark Bs or cs.
All these decompositions lead to a contradiction!

4) ThereforelL is not a CE.
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Closure properties of CFL

Definition: The family of CRs Is closed
under an operatioa if the language resulting
from the application coto any CFLsis a
CH_ as well.
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Closure properties of CFL

Definition: The family of CRs Is closed
under an operatioa if the language resulting
from the application coto any CFLsis a
CH_ as well.

lllustration:
e The family of CHanguages is closed undemion.
It means:

The family of CF
languages

HEa
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Algorithm: CFG for Union

* Input: Grammarss, =(N,, T, P,, S)) and
— (N21 T1 P21 SZ);
e Output: GrammaiG, = (N, T, P, S) such the
L(Gy) = L(G) U L(Gy)

 Method:

e letSLIN; LN, let N;n N, =
N —{S} N, OO N,;
P:={S- SLS Sz} P, U Py;
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Algorithm: CFG for Concatenatipn
e Input: G;=(N,, T, P, §) and

= (Np, T, Py, S);
e Qutput: G.= (N, T, P, § such the

L(Gy) = L(Gy . L(Gy)

 Method:

e letSLIN; LN, let N;n N, =
*N _{S} N, L No;
*P:={S- SLSZ} P, L Py,
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Algorithm: CFG for Iteration

e [nput: G=(N,, T,P;, §)
» Qutput: G;= (N, T, P, § such thatL(G)) = L(G)’
* Method:
o let ST N;:

o N := {S} N;;

P ={S- SlS,S—> e} O P,
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Closure properties

Theorem: The family of CFLs is closed under
union, concatenation iteration.

Proof:
eLetlL,, L, be twoCFLs.

* Then, there exist two CFG&3;, G, such that
L(Gy) =Ly, L(Gy) =Ly
e Construct grammars
» G,such thalL(G) = L(G,) O L(G,)
» G.such that (G, = L(G,) . L(G))
e G such that(G) =L(G,)"
by using the previous three algorithms
* Every CFG denotes CFL, so
e, L, L,00L, L; areCFLs.
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Intersection Not Closed

Theorem: The family of CFLs isiot closed
underintersection.

Proof:
« The Intersection of some CFLs is not a CFL:

oL, ={a@a™m"c"mn=1}isa CFL
oL, ={abc™ m,n=1}isa CFL
L, nL,={amc": n=1}1is not a CFL
(proof based on the pumping lemma) QED
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Complement: Not Closed

Theorem: The family of CFLs ishot closed
undercomplement

Proof by contradiction:
e Assume that family of CFLs Is closed under

complement.
o, ={a™m"c".mn=1}isaCFL
o, ={amwc™ mn=1}isaCFL
[, [, areCFLs
L, 0L, is aCFL (the family of CFLs is closed under union)

o, L, is aCFL (assumption)
* DeMorgan’s lawimpliesL, n L, ={a"cm n=1}is aCFL

- {a"b"c". n= 1} is not aCFL = Contradiction
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Main Decidable Problems

1. Membership problem:
e Instance: CFGG, w0 2";Question: w O L(G)?

2. Emptiness problem:
e Instance:CFGG; Question:L(G) =17

3. Finiteness problem:
e Instance: CFGG;  Question:Is L(G) finite?
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Algorithm: Membership

e Input: CFG G=(N, T, P, S In Chomsky
normal form;w I T*
e Output: YESIf w0 L(G)
NO 1If wl L(G)
 Method I:
oif S="w, where I n <2|w| - 1,thenwrite (YES’)
else write 'NO’)

* Method II:
» See:The general parsing method based on CNF

Summary:

The membership problem for CFLs Is decidable
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Accessible $mbols

Gist: Symbol X is accessiblef S=* ... X...,

where S Is the start nonterminal.
Definition: LetG=(N, T, P, S) be ¢ CFG. A symbo

X ONUO Tis accessible if there existu, v 2" such
thatS=" uXv; otherwise X is inaccessible.
Note: Each inaccessible symbol can be removed from CFG

Example:
G:({S,A, B},{a, b},{S—> SB,S—> a,A — ab,B — aB}, S)

S-accessible: fou=¢g,v=¢g; S=08
A - inaccessiblethere is naJ, v 0 2° such thatt =" uAv
B - accessible: fou=Sv=¢g:S=13SB

a-accessible:fou=¢,v=¢; S=1a
b - inaccessiblethere is nau, v 0 2 such thats =" ubv
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Terminating $mbols

Gist: Symbol X is terminating if X derives a terminal string.
Definition: LetG=(N, T, P, S be a CFG. A symbadl
X ON O Tis terminating if thereexistsw [ T such
thatX =" w; otherwise X is nhonterminating

Note: Each nonterminating symbol can be removed
from any CFG

Example:

G:({S,A, B},{a, b},{S—> SB,S—> a,A — ab,B — a.B}, S)
SymbolS - terminating: fow=a: S=ta

SymbolA - terminating: forw=ab: A =!ab

SymbolB - nonterminating: there is nov O T" such thaB =" w
Symbola - terminating: foow=a:a=0a

Symbolb - terminating: fow=b: b=%b
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Algorithm: Emptiness

e Input: CFG G=(N, T, P, 9);
» Output: YESIf L(G) =

NO if L(G) #
* Method:

o If Sis nonterminatinghen write (YES')
elsewrite 'NO’)

Summary:
The emptiness problem for CFLs Is decidanIe
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Algorithm: Finiteness

e lnput: CFGG=(N,T,P,9);
e Output: YESIf L(G) Is finite
NO 1If L(G) Is Infinite
* Method:
o et k = 2cardy)
o if there exisz [ L(M), k< |72l <2k then write (NO’)
elsewrite (YES')

Summary:
The finiteness problem for CFLs Is decidal|3|e
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Main Undecidable Problems

1. Equivalence problem:
* Instance: CFGsG,, G,;Question: L(G,) = L(G,)?

2. Ambiguity problem:
e Instance:G; Question: Is G ambiguou?8

Note:

It Is mathematically proved that the
exists no algorithm, which solve these
problems in finite time.



