1/44

Part V.
Varil ants of Finite
Automata



2144

Theory vs. Practice
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Use of FA In General

Simulation of all possible moves from every configura.

Example:
FA M is defined a:
a b a

e
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Use of FA In General

Simulation of all possible moves from every configima.

Example:
FA M is defined a:
a b a

|-0,ab
sab{ |- 0,ab

_a,b
_dh 2P
h {—qlb{ U1

()

Question ab [ L(M) ?
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From FA to DFA In Essence 1]2

“reference in practice:Determinictic FA(DFA) that
makes no more than one move from every configuratio

1) Gist: Removal ofe-moves
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From FA to DFA in Essence 1/2

Preference In practice:Determinictic FA(DFA) that
makes no more than one move from every configuratio

1) Gist: Removal ofe-moves

Definition: LetM = (Q, 2, R, s, F) be ¢ FA.
M Is an&free finite automatonf for all
rulespa - q U R, wherep, g LI Q, holds
all2(a#¢)
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From FA to DFA in Essence 2{2

_2) Gist: Removal of nodeterminism

@
Definition: LetM = (Q, 2, R, s, F) be are-free
FA. M Is adeterministic finite automator
(DFA) if for each rulepa — g ORIt holds that

R—{pa - g} contains no rule with the left-
hand side equal toa.




5/44

From FA to DFA in Essence 2{2

2) Gist' Removal of nodeterminism
@ ‘ New State

@@ = 0 @D -

Definition: LetM = (Q, 2, R, s, F) be are-free
FA. M Is adeterministic finite automator
(DFA) If for each rulepa — g ORIt holds that
R—{pa - g} contains no rule with the left-
hand side equal toa.
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Theorem

* For every FAM, there Is an equivalent DHA,.

Proof Is based on the conversions

‘ Finite Automaton M ‘

v

‘ e-free Finite Automaton M' |I L(M) = L(M’) ‘

| DFA My !' L(M) =L(M,) |
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e-closure

Gist: gis In e-closure() if FA can reachg

from p without reading.
Definition: Foreverystate p [ Q, we definease

e-closurdp) ase-closurep) = {g: q0 Q,p |~ g}
Example:
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e-closure

Gist: gis In e-closure() if FA can reachg
from p without reading.

Definition: Foreverystate p [ Q, we definease
g-closurdp) ase-closurep) ={q:qU Q, p |- q}

Example:

‘ e-closures)

e-closure(f )

‘e-closurep)

e-closure()
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Algorithm: e-closure

e lnput: M=(Q,Z,R,s,F);pdQ
e Output: e-closurep)

 Method:
*1:=0;Q, :=1{pk
 repeat
=1+ 1
Q=Q,0{p:pPUQqg-p0UR
g Qi-1};
until Q =Q ;;

» e-closurep) := Q.



9/44

e-closure: Example

M=(Q,2,R s F), whereQ={s,p,q,f} 2={a}

R:{S_’ PP - (¢ da - f}’ F:{f}
Task: e-closures)




9/44

e-closure: Example

M=(Q,2,R s F), whereQ={s,p,q,f} 2={a}

R=1s-p,p~0q,0a-Th F={f}
Task: e-closures)
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e-closure: Example

M=(Q,2,R s F), whereQ={s,p,q,f} 2={a}
R:{S_’ PP - (¢ da - f}1 F:{f}

Task: e-closures)

Qo =15}

1) s-p5p'0Q s-p

Q. ={s} U{p}={s p}
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e-closure: Example

M=(Q, 2, R s F), whereQ={s,p,q,f}, 2={a},
R:{S_’p1p_’q1qa_’f}1|::{f}
Task: e-closures)
Qo =15}
1) s-p5p'0Q s-p
Q. ={s} O{pt={s p}
2)  S-p; DD
P - P;
Q=15 p}D{p q} {qu}
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e-closure: Example

M=(Q,2,R s F), whereQ={s,p,q,f} 2={a}
R:{S_’p1p_’q1qa_’f}1|::{f}
Task: e-closures)
Q=1
1) s-p5p'0Q s-p
Q. =1{st O{p}={s p}
2) s-p;p D
p-p;p L
Q,={s, p} O{p, q} {s, p q}

3) s-p;pUQ: s-p
P - P, E N

none
Qs;=1{s,p, q}

{p. g}t ={s p, g} = Q,=¢e-closure()
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Algorithm: FA toe-free FA

Gist: Skip all e-moves

e Input: FAM=(Q,2,R s, F)

e Output: e-freeFAM' = (Q, 2, R', s, F")

. Method

R':

o for aII p Qdo
R''=R'0{pa-qgpa-qglRalz,

p' U e-closurep), gL Q};
eF' :={p:pUQ,e-closurep) n F#0 }.
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Algorithm: FA toe-free FA

Gist: Skip all e-moves

e Input: FAM=(Q,2,R s, F)

e Output: e-freeFAM' = (Q, 2, R', s, F")

. Method

R':

o for aII p Qdo
R''=R {pa_> gpa-gqUR alz,

e-closurep), gL Q};
F' ={p:plQ, sclosurep)n Fz0O }.

‘s -closure(p) ’\<{A 8»/ 3 @
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FA to s-free FA Example 1/3

M=(Q,2,R s F), where:

Q={sq, 0, 2={ab, q;
R={se¢ - ss-q,0qb-0q,qb-1fs-0q,

0.C - 0,0~ T, fa- T} F={f}
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FA to s-free FA Example 1/3

M=(Q, 2, R, s, F), where:

Q={sq, 0, 2={ab, q;
R={se¢ - ss-q,0qb-0q,qb-1fs-0q,

0,C - O Q€ — 1, fa - T} F={T}
1) for p = s: e-closureg) = {s, 9., 9.}
A. sd-0q,d02,qUQ: sa - s
B. 0d-q,d0%qg0Q: gb- q,qb—f
C. 0d-09,d00Z,q0Q: (C — 0y 0C — f
R=0O0{sa-ss<-0q,sh-1Tfsc-g,sc- T}
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FA to s-free FA Example 2/3
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FA to s-free FA Example 2/3

2) forp = q,: e-closure(},) = {d,}
A. 0gd-g;d02qdU0UQ:gb - q,qb - f
R'=R'0{g,b - g;,9,b - 1}
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FA to s-free FA Example 2/3

2) forp = q,: e-closure(},) = {d,}

A. 0gd-g;d02qdU0UQ:gb - q,qb - f
R'=RO{0;0 - 0, G0 — T}

3) forp = q.: e-closure(},) = {0}

A. 0d-qg;d02;9d0UQ:0,c - 0, g,C — f
R'=R'0{0,¢ ~ Gy 0,C — f}
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FA to s-free FA Example 2/3

2) forp = q,: e-closure(},) = {d,}
A. 0gd-g;d02qdU0UQ:gb - q,qb - f
R'=R'0{g,b - g;,9,b - 1}

3) forp = q.: e-closure(},) = {0}

A. 0d-qg;d02;9d0UQ:0,c - 0, g,C — f

R'=R'0{0,C ~ 0, 0,C — f}

4) forp =1: e-closuref) ={f}

A. fd-qg,;d02;,qUQ: fa-f

R'=R'0 {fa - f}

R'={sa->s®-0g,0p-1fsc-q,sc - T,
q;b - 03,90 - 1,0,C - Op, O.C - T, Ta - T}
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FA to s-free FA Example 3/3

e-closureq,) n F={0g,} n

e-closuret) n F={s, q,, q% n {f}
e-closure() nF={1} n (f = {f}

e-closure(),) n F :éqll N f

+

\

= {1)
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FA to s-free FA Example 3/3

e-closureq,) n F={0g,} n

e-closuret) n F={s, q,, q% n {f}
e-closure() nF={1} n (f = {f}

e-closure(),) n F :éqll N f

= {1)

+
b



14/44

Algorithm: e-free FA toDFA 1/2

Gist: In DFA, make states from all subsets of
states Ine-free FA and move between
them so that all possible states e-free FA
are simultaneouslysimulated.
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{sqlqz} {sa. f}, {80, T}, { .0, 1,
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Algorithm: e-free FA toDFA 1/2

Gist: In DFA, make states from all subsets of
states Ine-free FA and move between
them so that all possible states -free FA
are simultaneouslysimulated.

lllustration: Qora = {sh {au}, {azh { . {sa,

{s.0.}, {s T} {ana) { a1 {0, 1}

{s,0:,0:} {s.ay, T}, {800 T}, { Q3,00 T},
{s0.,,0, T} }

For state {s}: ..

For state {s, f}:

For state {S,0.,0,, f}



15/44

Algorithm: e-free FA toDFA 2/2

* Input: e-free FAAM =(Q, 2, R, s, F)
« Output: DFA: My = (Qg, Z, Ry, Sy, Fy)

 Method:
* Qi ={Q:Q UQQ#U} Ry:=
e foreachQ 0 Qg andall2 do begln
Q":={q:plQ,pa- qlUR}
If Q" # U thenR;:= R, {Q'a - Q"};
end
Si:={sh
o, ={F:F U0OQy,F nF=zxU}
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e-free FA toDFA: Example 1/5
M=(Q,2,R s, F), where:

Q={sa.0x T 2={ab, g F={f}
R={sa - s,sb-qg,sb-fsc-qg,sc-f,

0o - g, g:b - 1,0, - 0, Q€ — T, fa - f};

Qd = {{ 8}1 { Siq1}1 { Siq11q2}1 { S1q1’ f}1 { Siq17q2’ f}1 { Siq2}1 { Siq21 f}1
{S 1h {auh { AuG2h { G0 Th { Aw,0: T { Qb { s TH { T3}
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e-free FA toDFA: Example 1/5

M=(Q,2,R s, F), where:

Q={sa.0x T 2={ab, g F={f}
R={sa - s,sb-qg,sb-fsc-qg,sc-f,

q;b - g, gb - f,0,¢c - gy qC - T, fa - 1};

Qu¢= {{sh {sai} {8010} { S0} {$05,02 f}, { S0} { 8,00 T},
{s, T}, {ad, {9uq} {an. T} {9, T { AF { Op, T3 { T}

Ry= U U{{sta »{sh {stb -{aqy, T}, {s}C - {0 T}}
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e-free FA toDFA: Example 2/5
for Q' = {s,0,}:

@
@ @
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e-free FA toDFA: Example 2/5
for Q' = {s,q.}:

(ay

@: o @&
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e-free FA toDFA: Example 2/5

for Q' ={s,q,}:
(T

4590
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e-free FA toDFA: Example 2/5
for Q' = {s,0,}:

~@
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e-free FA toDFA: Example 2/5

for Q"= {S,0y}:

R;= Ry O {{s0}2 - {sh {sa}b - {q f}, {sa}c - {0 T}
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e-free FA toDFA: Example 3/5

for Q"= {S5,01,0y, T} Q

ge s
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e-free FA toDFA: Example 3/5
for Q"= {s,d,,0, f}:

43 Bo % Bo




18/44

e-free FA toDFA: Example 3/5

for Q"= {s,0,,0,, f}: Q

ﬁ@
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e-free FA toDFA: Example 3/5
for Q"' ={s,0,,0, T}
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e-free FA toDFA: Example 3/5

for Q'= {SCI1Q2 f}: Q

Ry= Ry U {{s,0.,05 f}a - {s, f}, { 5,0,,0, f} b - {qy, f},
{s.0:,0,, f} ¢ - {0y, f}}
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e-free FA toDFA: Example 4/5

Final states:F,:= {F:F 0Qy F n F £}
for F = {f}

{s} n{T} = = {s} UFy4
{sayt n{} = =  {s.a Uk,
{S0,0: N {T} = = {s,0:,0,} UF,
{s05, T} n {1} ={1} # = {s.,q;, 1} UK,

= {S0.,0,, T} L Fyq

1S0n,02, T} n {1} ={1} #

Fqo= {{s0:, T} {5010, T {50, T} {S T},
{0, Th {au0y 1 { G T} { 13}
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e-free FA toDFA: Example 5/5
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e-free FA toDFA: Example 5/5

‘ Question: Can we make DFA smaller[?
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e-free FA toDFA: Example 5/5

‘ Question: Can we make DFA smallerH Answer: YES ‘
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Accessible States

Gist; Stateqis accessiblef a string takes DFA
from s (the start state) toa.

Definition: LetM = (Q, =, R, s, F) be i FA.
A stateq O Q is accessiblaf there existav [0 3~
such thasw|- g; otherwiseg s inaccessible.

Note: Each inaccesible state can be removed from FA

Example: D
©
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Accessible States

Gist; Stateqis accessiblef a string takes DFA

from s (the start state) too.
Definition: LetM = (Q, 2, R, s, F) be in FA.
A stateq O Q is accessiblaf there existav [0 3~
such thasw|- g; otherwiseg s inaccessible.

Note: Each inaccesible state can be removed from FA

Example: D
O

States - accesiblew=¢: s|V

Stateg, - accesiblew=a: sa|-

Statel - accesiblew=ab: sab|-qg,b |-

Stateo, - Inaccessiblgthere is nov O X°
such thabw |- 0.)
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Previous Example
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Previous Example
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Algorithm II: e-free FA to DFA1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are
Introduced.
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Algorithm II: e-free FA to DFA1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are
Introduced.

lllustration: Qora = {{s}}

For state {s}: @
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Algorithm II: e-free FA to DFA1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are
Introduced.

lllustration: Qora = {{s}}
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Algorithm II: e-free FA to DFA1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are

iIntroduced.
lllustration: Qpea = {5} N
For state {s}: @ !
Add new state , t0 Qpea
For state
For state

Add new states ...
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Algorithm II: e-free FA to DFA2/2

* Input: e-freeFA:M=(Q, 2, R, S, F)
» Output: DFA: My = (Qq, Z, Ry, Sy, Fy)
without any inaccessible state
e Method:
*Sy:={Sh Q=18 Ry:=0; Qq:=0; Fy:=01;
e repeat
let Q" Il Qnew Qnew = Qnew—{QF Qui= QqU {QY;
for eacha ] > do begin
Q" :={q:pUQ,pa - qUR}
if Q"# 0 thenR,:=R;0{Q'a - Q"};
If Q" L Qd i {D} then Qnew:: Qnew u {Q"}
end,;
if Q'n Fz0OthenF :=F,0{Q%
until Q.= .
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e-free FA to DFA:Example 1/3

M=(Q,2,R s, F), where:

Q={sa.0x T 2={ab, g F={f}
R={sa - s,sb-qg,sb-fsc-qg,sc-f,

0o - g, g:b - 1,0, - 0, Q€ — T, fa - f};

QneW: {{S}}1 Rd:D;Qd:D; Fd:D
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e-free FA to DFA:Example 1/3

M=(Q,2,R s, F), where:

Q={sa.0x T 2={ab, g F={f}
R={sa - s,sb-qg,sb-fsc-qg,sc-f,

q;b - g, gb - f,0,¢c - gy qC - T, fa - 1};

QneW: {{S}}1 Rd = L; Qd‘: []: Fd = [

Ry= 0 0 {97 ~{8 {9b ~{a. B {sc ~{a, )}
Qnew: {{q1’ f}1 {qZ’ f}}1 Qd =0 U {{S}}, Fd = [
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e-free FA to DFA:Example 2/3

for Q' ={q,, f}:
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e-free FA to DFA:Example 2/3

for Q' ={q,, f}:

o 8
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e-free FA to DFA:Example 2/3

for Q' ={q,, f}: '@

_ ...... 8 @%@
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e-free FA to DFA:Example 2/3

forQ"={q,, f };

o= RdD{{ql f}a ~{fh 10, T30 -0y, T}}
Qnew™= 02 TH {1}, Qy=Qy U 10y, T}},
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e-free FA to DFA:Example 2/3

forQ"={q,, f };

o= RdD{{ql ) ﬁ{f} 10, T30 -0y, T}}
Qrew™ W02 TH 113}, Qu=Qq U {0y T11Fg =0 U {10, T}}
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e-free FA to DFA:Example 2/3

forQ"={q,, f };

o= RdD{{ql ) ﬁ{f} 10, T30 -0y, T}}
Qrew= 10 T} 113}, Qu=Qq U110y, T1}Fg:=0 U {10y, T}}

for Q"={q,, f }:
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forQ"={q,, f };
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Qrew= 10 T} 113}, Qu=Qq U110y, T1}Fg:=0 U {10y, T}}

for Q"={q,, f }:
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e-free FA to DFA:Example 2/3

forQ"={q,, f };

o= RdD{{ql ) ﬁ{f} 10, T30 -0y, T}}
Qrew= {{qz T}, {f}} Qy=Qy U0, T}}.Fg:=0 010, T}}

Ry:= Ry O {0 32 = {f} {0 FIc = {ap F} I
Qnew {{f}} Qd QdD{{qz f}}
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e-free FA to DFA:Example 2/3

forQ"={q,, f };

o= RdD{{ql ) ﬁ{f} 10, T30 -0y, T}}
Qrew= {{qz T}, {f}} Qy=Qy U0, T}}.Fg:=0 010, T}}

Ry:= Ry O {0 32 = {f} {0 FIc = {ap F} I
Quen=11T}1} Qy=Qy U{{t T}}, Fq:=Fy4U{{0, T}}
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e-free FA to DFA:Example 3/3

for Q'={f }:
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e-free FA to DFA:Example 3/3

for Q'={f }:
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free FA to DFA:Example 3/3

Ry:= RdD{{f} —{1}}
Qnew_ D Qd Qd D{{ f}}
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free FA to DFA:Example 3/3

Ra'= Rd O tra -{1}}

Qnew_ D Qd Qd i {{ f}} |:d = |:d N {{f}}
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free FA to DFA:Example 3/3

Ry:= RdD{{f} -{f}}
Qnew_ D Qd Qd D{{ f}} I:d = Fd[l{{f}}

Summary:
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Terminating States

Gist: Stateqis terminatingif a string takes DFA

from g to a final state.
Definition: LetM =(Q, 2, R, s, F) be aDFA. A statg

g O Qisterminatingif there existav [0 ¥ such that

gw |- fwith f O F; otherwiseg is nonterminating.
Note: Each nonterminating state can be removed from DFA

Example: (s) O D @
h@-/a
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Terminating States
Gist; Stateqis terminating if a string takes DFA

from g to a final state.
Definition: LetM =(Q, 2, R, s, F) be aDFA. A statg

g O Qisterminatingif there existav [0 ¥ such that

gw |- fwith f O F; otherwiseg is nonterminating.
Note: Each nonterminating state can be removed from DFA

Example: (s) O D @
@2

States - terminating:w =:2b: bl-qg,b|-f
Stateg, - terminatingw =D |-
Statef -terminatingw=¢€: |- f

Stateg, - nonterminating (there is nav O 2
such thatj,w |- g, g0 F)
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Algorithm: Removal of nont. states

e Input: DFA:M=(Q, 2, R s, F)
* Output: DFA: M, = (Q,, 2, R, S, F)

* Method:
e Qy=F;1:=0;
* repeat
| =1+ 1
Q=Q.,.U0{qga-pURalz, plQ.}
until Q =Q,.;
* Q= Q)
*R={0a-p:ga-pUR p,qUQ,al 2}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qo =11}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qo ={1}

1)gd - f;,qgUQ;d0 2: gb - f

Q. ={f} O{q}={f,q}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qo ={1}

1)gd - f;,qgUQ;d0 2: gb - f

Q. ={f} O{q}={f,q}

2)qd - f [1Q; d 2 b - f
)3dqq1358d[z- gé - O

Q,={f,q U{q,, st =1{1,q;, s}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qy=1{f}

1)gd - f;,qgUQ;d0 2: gb - f
Q. ={f} U{a}=1{fay}

2)gd - f 00:d02: b - f
)cq|d—>q1 gﬂngZ: gé - O
Q,={f,q} U{q,st={f, 0, s}
3)gd - f;: qUQOQ:dL2: b - f
)ccﬁql;cmégcmz: A~ q,
qd - S, g L all2: none
Q;=1{f,q, st O{q,st={f,0;,5=Q,=Q
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qu=1{f}

1)gd - f;,qgUQ;d0 2: gb - f
Q. ={f} U{agy=A{f, qy

2)ad - f 1O: dU2: b - f
)cq|d_>q1 gﬂngZ: gé -
Q,={f,qy t{g, st=1{f,0qy s}
3)gd - f;: qUQOQ:dL2: b - f
)C—>(h D§;0DZ: gé—’%
qd - S O all2: none

Q3 =11,01, 8 U109, S} =11,01, = Q=Q

R=1{sa - Q;,sb - Q,, (ha - 0y, 0)b - f}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qo ={1}
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Q. ={f} O{q}={f,q}

2)qd - f [1Q; d 2 b - f
)3dqq1358d[z- gé - O

Q,={f,q U{q,, st =1{1,q;, s}

3)cc_>f c_Qc:Z: b - f
qd - q,; O g% [12: gé - O,
qd - S O a2 none

Q3 =11,01, 8 U109, S} =11,01, = Q=Q

R ={sa - q, >0, q,a - 0y, g,b - f}
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NonterminatingStates Example

M=(Q, 2, RsF),whereQ={s, qd,, 0, f}, 2 ={a, b},
R={sa - 0, Sb - Oy Gha ~ Gy, q;b — 1}, F = {1}

Qo ={1}

1)gd - f;,qgUQ;d0 2: gb - f

Q. ={f} O{q}={f,q}

2)qd - f [1Q; d 2 b - f
)3dqq1358d[z- gé - O

Q,={f,q U{q,, st =1{1,q;, s}

3)cc_>f c_Qc:Z: b - f
qd - q,; O g% [12: gé - O,
qd - S O a2 none

Q3 =11,01, 8 U109, S} =11,01, = Q=Q

R ={sa - q, >0, q,a&>0,, 9,0 - f}
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Summary: States to Remove

1) Inaccessible stated,):

S

2) Nonterminating state (,):
a
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Complete DFA

Gist: Complete DFA cannot get stuck.

Definition: LetM = (Q, 2, R, s, F) be aDFA.
M is complety, If foranyp U Q, a [l 2 there
IS exactly one rule of the forpa - g U R

for someg LI Q; otherwiseM Is incomplete

Conversion: Incomplete DFA

> ={a, Db, c}
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C

( )2
ng
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Complete DFA

Gist: Complete DFA cannot get stuck.

Definition: LetM = (Q, 2, R, s, F) be aDFA.
M is complety, If foranyp U Q, a [l 2 there
IS exactly one rule of the forpa - g U R

for someg LI Q; otherwiseM Is incomplete

Conversion: Incomplete DFA to Complete DFA
C

()
Iﬁp_% =RON 0
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Complete DFA

Gist: Complete DFA cannot get stuck.

M is complety, if for anyp

Q, a

Definition: LetM = (Q, 2, R, s, F) be aDFA.

> there

IS exactly one rule of the forpa - qLU R
for someq [ Q; otherwiseM is incomplete

Conversion: Incomplete DFA
C

to Complete DFA

o
l@% = -€
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Gist: Complete DFA cannot get stuck.

Definition: LetM = (Q, 2, R, s, F) be aDFA.
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Complete DFA

Gist: Complete DFA cannot get stuck.

Definition: LetM = (Q, 2, R, s, F) be aDFA.
M is complety, If foranyp U Q, a [l 2 there
IS exactly one rule of the forpa - g U R

for someg LI Q; otherwiseM Is incomplete

Conversion: Incomplete DFA to Complete DFA
C
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Algorithm: DFA to Complete DF4

Gist: Add a “trap” state

* Input: Incomplete DFAM = (Q, 2, R, s, F)
* Output: Complete DFAM. = (Q,, 2, R, S, F)

 Method:

° Qc = Q {qfalse};

° RC:: R {qa — qfalse: a 21 q Qc,
ga - pUR, pUQ}
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Well-Specified FA

Definition: LetM = (Q, 2, R, s, F) be acomplete
DFA. Then,M is well-specifiedFA (WSFA) If:
1) Q has no inaccessible st

2) Q has no more than one nonterminating ste

Note: If well-specified FA has one nonterminating
state, then It ig, .. from the previous algorithm.

Theorem: For everyFA M, there Is ar
equivalent WEA M,

Proof: Use the next algorithm.
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Algorithm: FA to WSFA

e Input: FAM
e Qutput: WSFAM .

* Method:

e convert a FAVl to an equivalent¢-free FAM'

e convert aM' to an equivalent DFAM , without
anyinaccessible state

e conver M, to an equivalent DF/M,
without anynonterminating state

e convertM, to an equivalent complete RA

* I\/IWS = I\/IC

Note: No more than one nonterminating stat®ip:—ag...
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Distinguishable States
Gist: String w distinguishesstatesp and q if
WSFA reaches a final state from precisely
one of configuratiors pw and gw.

Definition: LetM = (Q, 2, R, s, F) be a WSFA,
and letp, g U Q, p # . Stateg andq are
distinguishablef there existsv 1 2* suchthat;
pw |- p'andgw |- qg', wherep', g' O Q and

(P OFancg'O0F) or(p' OFancq' U F));
otherwise, stateg andqg areindistinguishable
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Distinguishable States: Exampgle

@0 -
.
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Distinguishable States: Exampgle

@0 -
:

* sandg, aredistinguishable, because fow = =:
sa|-s,s UOF
Gha =0z, 0 U F
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Distinguishable States: Exampgle

* sandg, aredistinguishable, because fow = =:
sa|-s,s UOF
0y |-0p, G U F

* 0, anc g; areindistinguishable, becaus for eactw 0 2

OW |— 0, G, U F
W |= 0O, 0z U F
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Distinguishable States: Exampgle

* sandg, aredistinguishable, because fow = =:
sa|-s,s UOF
0y |-0p, G U F

* 0, anc g; areindistinguishable, becaus for eactw 0 2

OW |— 0, G, U F
W |= 0O, 0z U F

e Other pairs of states are trivialiystinguishablefor w = €.
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Minimum-State FA

Definition: Let M be aWSFA. Then,M Is
minimume-state FAIf M contains only
distinguishable state

Theorem: For every WSFAM, there Is an
equivalent minimunstate FAM

Proof. Usethe nex algorithm
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Algorithm: WSFA to MinState F£

e Input: WSFA M=(Q, 2, R, s, F)
 Output: Minimum-State FAM .= (Q, 2, R, S F)
* Method:
*Qn={p:p0F},{a:qUQ—-F}};
* repeat
If there exist X 1 Q,, d2, X;, X, I Xsuch that
X=X 0OX, X, nX,=0 and
{0 p, U Xy, pd - g, URF O Qy, QU Qy,
{0 P U X5 pod - 0, R n Q=11
then divide Xinto X; andX, in Q,,

until no division Is possible;
* Sp= XwithsOX; Fryi= {X: X0 Qp X n F# 0},
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@o@
b @ o
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Minimization: Example 1/4

Qu {51 {0,:0,00.]
——

Final
States
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Qu {51 {0,:0,00.]
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Final
States




40/44

Minimization: Example 1/4

Qu {51 {0,:0,00.]
——

Final
States

1) X={s(f}: From one set

d::S—>f
fas|
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Minimization: Example 1/4

N3,




40/44

Minimization: Example 1/4

N3,
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Minimization: Example 1/4

N3,

LIl
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,q{}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb - |0;
fa -|.S fb - (g,
2) X={01,0%:92}:  From one se
d=a ga-|[q
0.2 - |92
Usad — |04
2 —~ |03
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Minimization: Example 1/4

me= {sf} {91,02,05,04 }
L

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb - |0;
fa -|.S fb - |q,

2) X={01,0%:92}:  From one se

d=a 0ga-[0t—d=b gb- s
da — |05 Czlbj > f
Osd — 104 0D — Gy
dsa - |ds a.b - 0,
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,q{}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb- |0,
fa -|.S fb - (g,

2) X={0:,0,050}:  From one se

—a 0 — _‘_Id:b: a.b - |s _
gl g; qlb . }D Q. ={sf}
C

é ngb -
4 Os ;b - a,

Ll
O
NN
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,qﬁ}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb- |0,
fa -|.S fb - (g,
2) X={01,0%:92}:  From one se
B T B | e EEY
Jsa — |04 032b adl 1
dsa - |ds a.b - |0,

{0,0,) n Q=0
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,qﬁ}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb - |0;
fa -|.S fb - (g,
2) X={01,0%:92}:  From one se
B T B | e EEY
Jsa — |04 032b adl 1
dsa - |Gs ab - |G

Division: {;,0,0:,0.} = (00} nQ =0
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,qﬁ}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
= sa —| f d=hb: sb - |0;
fa -|.S fb - (g,
2) X={01,0%:92}:  From one se
B 1 B i | SISy
Jsa — |04 032b adl 1
dsa - |Gs ab - |G

Division: {0,0,,05,0,} :{qi,(qg}, (0,0} n Q, =0
1
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Minimization: Example 1/4

me= {{sfh{ 91,q2,q3,qﬁ}}

‘W—’

Final Other
States States

1) X={sf}: From one set ~rom one set
—a: sa-|f d=hb: sb - |0;
fa -|.S fb - (g,
2) X={01,0%:92}:  From one se
B T B i | SISy
0sa - Q4 032b adl 1
dsa - Qb - {9

Division: {0,,0,,03,0,} :>{ﬂ1v_%} {ﬂ?;ﬂ“} {050} N Q=
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Minimization: Example 2/4

Q= {{S} {9u,0} { 05,00}
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Minimization: Example 2/4

Qn={{sf} { a0} { 9,0} }
1) X ={sf}:
d=a: 1§

f
S

—
—
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d::sﬁfl
fa | s
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a;: sa|f d=h: sb -
fa -| s fb -
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a;: sa|f d=h: sb -
fa -| s fb -
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a: sa 5| f d=h: sb -
fa 5| s fb -

2) X={0q,,0.}:
d=2;

—

—
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a: sa 5| f d=h: sb -
fa 5| s fb -

2) X={0q,,0.}:
d=2;

—

—
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a: sa 5| f d=h: sb -
fa 5| s fb -

2) X={0q,,0.}:
d=2;

- d=Dh: b S
. b o f
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Minimization: Example 2/4
Qm: {{ S’f}1 {qqu}’ { J }}

1) X={s(f}: From one set
d=a: sa|f d=hb: sb-
fa -| s fb -
2) X={0q,,0.}: From one set ~rom one set

d= g,a - [q, d=b: gb-Js
d.a — |0, b - |f
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a;: sa|f d=h: sb -
fa -| s fb -

2) X={0q,,0.}: From one set
d=2: - d=D: b_)T
. b - [f
3) X={0,,0.}:

d=a:

l

l
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Minimization: Example 2/4
Qu={{sf} { 0,0} {00}

1) X={s(f}: From one set

d=a;: sa|f d=h: sb -
fa -| s fb -

2) X={0q,,0.}: From one set
d=2: - d=D: b_)T
. b - [f
3) X={0,,0.}:

d=a:

l

l
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Minimization: Example 2/4
Qm: {{ S’f}1 {qqu}’ { J }}

1) X={s(f}: From one set

—a: sao|f d=b: sb -

2) X={0q,,0.}: From one set “rom one set
d: : Cl —>q1 d:b: qlb—>S
d.a — |0, b - |f
3) X={0,,0.}:
d=a; - d=Dh: b -

N b - g,
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Minimization: Example 2/4

Q= {{S} {9u,0} { 05,00}

1) X = {Sf} From one set
— Sad - f d — b: Sb —
f S fb -
2) X={0q,,0.}: From one set From one set
d — Cl — ql d — b: qlb —|S
d.a — |0, b - |f
3) X={0.,0.}: From one se
d — — d b — ql
N b - |0,
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Minimization: Example 2/4

Q= {{S} {9u,0} { 05,00}

1) X = {Sf} From one set
— Sad - f d — b: Sb —
f S fb -
2) X={0q,,0.}: From one set From one set
d — Cl — ql d — b: qlb —|S
d.a — |0, b - |f
3) X={0.,0.}: From one se
d — — d b — ql
N b - |0,

‘No next divisions !!!\
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Minimization: Example 3/4

Qm = 11STH 190005 192041}

: :23?}C>{Sf} - {sf} OR,
b RIS (sfib - {0,0} OR,
S GorFE o - {00} OR,
- FORF {q.a}b - {sf} OR,
S UBRFED {0ade - {00} OR,
o ORI {0,03b - {00} OR,
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Minimization: Example 4/4

ST {sf} =) s, :={sf}
‘IE} S{shOF,

M= Q2 Ryy Sy Fr)» Where: 2 = {4, b}, s,,={s,f}
Qm={sh {00k { 9203} Fn=1{{sf}}

Rn={{sf}a - {STh {810 - {005 { 0,032 - {010}
{ , }b—){S,f},{ , } _’{ , }1{ , }b_’{ , }}




S
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Minimization: Example 4/4

{sf} =) s, :={sf}

S
f

E} S(sh OF,

M,= Q. 2, R, S Fp), Where: 2 = {3, b}, s,,={s[}

Q=S {010} {

Ot b P = 1ST}

Rn=1{sf}a - {sih {sf}b - {005 { 000232 - {05,024
{ , }b—){S,f},{ } _’{ , }1{ , }b_’{ , }}
Summary .

@0@
b @ 0

L

Sy
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Variants of FA: Summary

I I
O Q
0 Q@ IS
ol L] v
% < E LL |
< |+~ | L ol D] E
Tl olaoalo]l ==
Number of rules of the formp - q,
wherep, g0 Q Onl O O O] O] O
Number of rules of the formpa - q,
foranyp0Q,aldy O-n]OnjO-11 11 11 1
Number of inaccessible states O-n10-n10-njO-n] O] O
Number of nonterminating states |O-n{O0-n|0-n|10-n10-1]0-1
Number of this FAs for any regula
00 | oo | oo | oo | o 1
language.




