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Models for Context-Free
Languages
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Context-Free Grammar (CFG)

Gist: Agrammar Is based on a finite set of
grammatical rules, by which it
generates strings of its language.

lllustration: | Start nonterminal | g
Grammar G: |

Nonterminals:‘ A, B,‘
Terminals: ‘a, b, c, d ‘

Rules: S —> AB,
A — aAb,
A — ab,
B — bBa,
B — ba
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Gist: Agrammar Is based on a finite set of
grammatical rules, by which it
generates strings of its language.

lllustration: | Start nonterminal |
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Context-Free Grammar (CFG)

Gist: Agrammar Is based on a finite set of
grammatical rules, by which it
generates strings of its language.

lllustration: | Start nonterminal |

Grammar G: | Rule: S — AB
Nonterminals:‘ A, B,‘ AB
. Rule: A — ab

Terminals: ‘a, b, c,d ‘ R

Rules: S — AB, B,Rule: B — bBa
ﬁ_’ aﬁb’ abbBa
. :)) ‘EB’a Rule: B — ba
5 .pa || abbbaa e L(G)
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Context-Free Grammar: Definition

Definition: A context-free grammar (CFG) Is a

quadruple G= (N, T, P, S), where

N Is an alphabet of nonterminals

T Is an alphabet of terminals, NN T =&

* P iIs a finite set of rules of the form A — X,
where Ae N, xe (NUT)"

* S € N Is the start nonterminal

Mathematical Note on Rules:
« Strictly mathematically, P is a relation from Nto (NuU T)”

* Instead of (A, x) € P, wewrite A>x € P

* A — x means that A can be replaced with x
A — ¢giscalled erule
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Convention

* A, ..., F, S :nonterminals

* S . the start nonterminal

* q,...,d . terminals

. U, ,Z  .membersof (NU T)

U, ...,Z - members of (N U T)”

. . sequence of productions

A subset of rules of the form:
A—>X,A=>X%,...,A>X,

can be simply written as:

A= XX | ... | X,
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a CFG. Let
uve (NuT) and =A— x e P. Then, uAv
directly derives uxv according to in G, written
as UAV = uxv [ ] or, simply, UAv = uxv.

Note: If uAv = uxv In G, we also say that G makes a
derivation step from uAv to uxv.

L ,u, JA] v, |
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a CFG. Let
uve (NuT) and =A— x e P. Then, uAv
directly derives uxv according to in G, written
as UAV = uxv [ ] or, simply, UAv = uxv.

Note: If uAv = uxv In G, we also say that G makes a
derivation step from uAv to uxv.
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Sequence of Derivation Steps 1/2

Gist: Several consecutive derivation steps.

Definition: Letu € (N U T)". G makes a
zero-step derivation from u to u; in symbols,
u="°ule] or, simply,u =°u

Definition: Let ug,...,u, € (NUT)", n>1, and
U, = U [pi], p; e P, forall 1=1,..., n; that is

Ug = Uy [Pl = Uy [Py] ... = Uy [Pn]

Then, G makes n derivation steps from u, to u,,
Uy =" U, [Py..- P,] OF, Simply, uy =" u,
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Sequence of Derivation Steps 2/2

If u, =" u, [x] for some n > 1, then u, properly
derives u, In G, written as u, =* u, [r].

If u, =" u, [x] for some n > 0, then u, derives
u, in G, written as u, =" u, [nx].

Example: Consider
aAb — aaBbb [1. A — aBb], and
aaBbb = aacbb [2: B —c].
Then, aAb =2 aacbb [1 2],
aAb —=* aacbb [1 2],
aAb =" aacbb [1 2]
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Generated Language

Gist: G generates a terminal string w by a
sequence of derivation steps from S tow

Definition: Let G=(N, T, P, S) be a CFG. The
language generated by G, L(G), Is defined as
L(G)={w:w e T", S =" w}

Illustration: |
G=(N,T,P,S), letw=aa,...a;a e Tfori=1..n
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Generated Language

Gist: G generates a terminal string w by a
sequence of derivation steps from S tow

Definition: Let G=(N, T, P, S) be a CFG. The
language generated by G, L(G), Is defined as
L(G)={w:w e T", S =" w}

Illustration:
G=(N,T,P,S), letw=aa,...a;a e Tfori=1.n

/

If S=...=>...=>a4a,...a, thenw e L(G);

otherwise, w ¢ L(G)
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Context-Free Language (CFL)

Gist: A language generated by a CFG.

Definition: Let L be a language. L Is a context-
free language (CFL) If there exists a context-free
grammar that generates L.

Example:
G=(N,T,P,S),where N={S}, T ={a, b},
P={l:S—aSh,2:S—> ¢}
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Context-Free Language (CFL)

Gist: A language generated by a CFG.

Definition: Let L be a language. L Is a context-
free language (CFL) If there exists a context-free
grammar that generates L.

Example:
G=(N,T,P,S),where N={S}, T ={a, b},
P={l:S—aSh, 2. S — &}

S=>¢ [/] — L(G)
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Context-Free Language (CFL)

Gist: A language generated by a CFG.

Definition: Let L be a language. L Is a context-
free language (CFL) If there exists a context-free
grammar that generates L.

Example:
G=(N,T,P,S),where N={S}, T ={a, b},
P={l:S—aSh,2:S—> ¢} G
S=¢ L
szZSb[[ ]] —=ab  [7]
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Example:
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Gist: A language generated by a CFG.

Definition: Let L be a language. L Is a context-
free language (CFL) If there exists a context-free
grammar that generates L.

Example:

G=(N,T,P,S),where N={S}, T ={a, b},
P={l:S—aSh,2:S—> ¢} )= {am }
S =g ~ S L(G)={a"b":n>0
szZSb[[]]:é( 1T/
S=aSb[l] = aaSbb[1l] = aabb[?]
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Context-Free Language (CFL)

Gist: A language generated by a CFG.

Definition: Let L be a language. L Is a context-
free language (CFL) If there exists a context-free
grammar that generates L.

Example:

G=(N,T,P,S),where N={S}, T ={a, b},

P={l:S—aSh,2:S—> ¢} )= {am }
S =g ~ S L(G)={a"m":n=0
Szng[[]]:éf 1T/
S=aSb[l] = aaSbb[1l] = aabb[?]

L = {e';lnb”: n=>0}isaCFL.
| |
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Rule Tree
* Rule tree graphically represents a rule
A A
DAse| | | 2)AoXX...X:
€ X1 X, eee X,

» Derivation tree corresponding to a derivation

= U,U,...U_AV,V,...V.

VAN R
U,U,...0. AV, V,...V.
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Rule Tree
* Rule tree graphically represents a rule
A A
DAse| | | 2)AoXX...X:
€ X1 X, eee X,

» Derivation tree corresponding to a derivation

= U,U,...U_AV,V,...V.

= U,U,..U xVN..V |1 / L /\ '\
U,U,...U_[AW\V, V,...V.

Rule tree /’\

corresponding X
to A —> X
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +,* (,)},
P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1

Derivation: Derivation tree:
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G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1
Derivation: Derivation tree:
E=>E+T [1] T~
E T
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1
Derivation: Derivation tree:

E=E+T [I]
> E+T*F [2] T~
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1
Derivation: Derivation tree:
E=E+T 1]
:>E_|_I*|: EK“
=>E+F*F [4]
T
|
- -
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Derivation Tree: Example
G=(N,T,P,E),whereN={E,F, T}, T={I,+, %, ()},

P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1
Derivation: Derivation tree:
E=E+T 1]
:>E+I*::: E&_
=>E+E*F [4
=>E+ 1*F [0 T
|
I|: -
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={1:E— E+T, E—>T, T > T*F,
T > F, F—>(E), 6:F—>I 1
Derivation: Derivation tree:
E=>E+T (1]
= E+T*F [3] EK"
=>E+F*F [4] | /\
=E+1*F T T
=>T+I1*F |
I|: =
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={1:E— E+T, E—>T, T > T*F,
T —>F, . F - (E), F o }
Derivation: Derivation tree:
E=>E+T (1]
S E+T*F [3 EK__
=>E+F*F [4 | /\
>E+1*F T T
=T+ 1*F [7] |
= T+17 1[5 I|: I|:
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Derivation Tree: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={1:E— E+T, E—>T, T > T*F,
T —>F, . F - (E), F o }
Derivation: Derivation tree:
E=>E+T (1]
S E+T*F [3 EK__
=>E+F*F [4] | /\
>E+1*F T T
=T+ 1*F [7] | |
N S

=>E+ 1710 [4
=0+ i*
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eftmost Derivation

Gist: During a leftmost derivation step, the
leftmost nonterminal 1s rewritten.

Definition: Let G= (N, T, P, S) be a CFG, let

ueT,ve(NUT).Letp=A—>xePbea

rule. Then, uAv directly derives uxv in the

leftmost way according to p in G, written as
UAV = Uxv [p]

Note: We define = ,* and =" by analogy with =*
and =7, respectively.
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Leftmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +,* (,)},
P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1

Leftmost derivation: Derivation tree:
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Leftmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={ 1.E—> E+T, E—>T, T - T*F,
T > F, F—>(E), 6:F—>I 1
Leftmost derivation: Derivation tree:
E =Im E +T [ ] K
E T
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Leftmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={1:E— E+T, E—>T, T > T*F,
T > F, F—>(E), 6:F—>I 1
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Rightmost Derivation

Gist: During a rightmost derivation step, the
rightmost nonterminal Is rewritten.

Definition: Let G= (N, T, P, S) be a CFG, let

ue(NuUT),veT.Letp=A—>xePbea

rule. Then, uAv directly derives uxv in the

rightmost way according to p in G, written as
UAV = uxv [p]

Note: We define =,,* and =" by analogy with =*
and =7, respectively.
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Rightmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +,* (,)},
P={ 1: E > E+T, E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1

Rightmost derivation: Derivation tree:
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Rightmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

P={ 1.E— E+T, T E—>T, T —> T*F,
T > F, F—>(E), 6:F—>I 1
Rightmost derivation: Derivation tree:
E=nE+T  [1] -
E T
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Rightmost Derivation: Example
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Rightmost Derivation: Example
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Rightmost Derivation: Example

G=(N,T,P,E),whereN={E, F, T}, T={i, +, *, (, )},

m —
> |1

P={1:E— E+T, E—>T, T > T*F,
T ->F, F—>(E), 6:F—>I }

Rightmost cerlvatlon Derivation tree:
E= E+T

=, .E+T*E [3 EK"

>, E+T* 1 [0 | /\

=>m E+TE* I T T

:>rm§+ 1 * 1 [6 | |

=m L+t 171 [2] F|1F[F

= F+ 1% 1 | | |

|
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Derivations: Summary

e Let A— x € Pbearule.

1) Derivation:

Letu,ve (NUT)” UAV = Uxv
Note: Any nonterminal Is rewritten

2) Leftmost derivation:

Letue T,ve (NUT)" :UAV = uxv
Note: Leftmost nonterminal 1s rewritten

3) Rightmost derivation:

Letue (NUT),veT :UAV=_, UXV
Note: Rightmost nonterminal Is rewritten
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Reduction of the Number of Derivations

Gist: Without any loss of generality, we can
consider only leftmost or rightmost
derivations.

Theorem: LetG=(N, T, P, S) be a CFG.
The next three languages coincide

D) {w:weT, S=, W}
2){w.:weT,S= =~ w}

B {w:weT,K S="w}=L(G)
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Introduction to Ambiguity

G.or1 = (N, T, P, E), where
N=p{E, F,THT={i + * ()}, R
P={ 1:E—>E+T, 22E>T, |,5
TS T*F, 4#T->F, TI T
F>(E), 6:F>i} I': ;
|

G.oro = (N, T, P, E), where
N:pEE},T:{i,+,*,(,)}, } R
P={1:E— E+E, 2: E - E*E, E E
. E—>(E), E—>I1 } E|E ‘ ‘ ElE
I |1
ﬁ—J

Note: L(Geypr1) = L(Gepr2)  Improper during compilation
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Grammatical Ambiguity

Definition: Let G= (N, T, P, S) be a CFG.
If there exists x € L(G) with more than one
derivation tree, then G Is ambiguous;
otherwise, G Is unambiguous.

Definition: A CFL, L, is inherently ambiguous
If L Is generated by no unambiguous grammar.

Example:

* G,pr1 IS UNnambiguous, because for every x e L(G
there exists only one derivation tree

* Ggypr2 IS @mbiguous, because for i+1*1 € L(G
there exist two derivation trees

* Lexpr = L(Gexpr1) = L(Geyorp) 1S NOt INherently ambiguous
because G, IS unambiguous

exprl)

exprz)
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Pushdown Automata (PDA)

Gist: An FA extended by a pushdown store.

Finite
—| State
Read-write head Control
Read head
Pushdown: ¥ Input tape: !
ALl o A TA alal| ... ai .. |a,
—

move of head
top
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Pushdown Automata: Definition

Definition: A pushdown automaton (PDA) Is

a/-tupleM=(Q, %, I,R,s,S, F), where

* Q Is a finite set of states

2 IS an Input alphabet

* I" Is a pushdown alphabet

* R Is a finite set of rules of the form: Apa — wq
whereAel,p,geQ,acXufe,wel”

* S € Q Is the start state

* S e I Is the start pushdown symbol

 F < Q 1s a set of final states
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Notes on PDA Rules

Mathematical note on rules:

« Strictly mathematically, R is a finite relation
fromIl'xQx(Zu{e)tol™ xQ

* Instead of (Apa, wq) € R, however, we write
Apa > wg € R
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Notes on PDA Rules

Mathematical note on rules:

« Strictly mathematically, R is a finite relation
fromIl'xQx(Zu{e)tol™ xQ

* Instead of (Apa, wq) € R, however, we write
Apa > wg € R

« Interpretation of Apa — wq: If the current state
IS p, current input symbol Is a, and the topmost
symbol on the pushdown is A, then M can read
a, replace A with w and change state p to g.

» Note: If a = ¢, no symbol Is read
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Graphical Representation

@) represents g € Q
—»@ represents the Initial state s € Q

represents a final state f € F

@ Alw, a .@ denotes Apa — wq € R
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Graphical Representation: Example

M=(Q,2,T,R,s,S, F)
where:
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Graphical Representation: Example

M=(Q,2,T,R,s,S, F)
where:

*Q={s,pqf}

© © © 0O
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Graphical Representation: Example

M=(Q,2,T,R,s,S, F)
where:

*Q={s,p, q, T}
+ 2 ={a, b};

© © © 0O
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Graphical Representation: Example

M=(Q,%TI,R,s,S,F)
where:
*Q={s,p, q T}

« > ={a, b},

« ' ={a, S};

© © © 0O
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Graphical Representation: Example

M = (Q, >, I,R,S, S, F)

where:
S
*Q={s,p,q T} O

. ¥ = {a, b} S/Sa, a
« ' ={a, S};
R ={Ssa — Sap,

© © O
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Graphical Representation: Example

M = (Q, >, I,R,S, S, F)

where:
S
*Q={s,p,q T} O

. ¥ = {a, b} S/Sa, a

« ' ={a, S};

R ={Ssa — Sap,
apa — aap,

alaa, a

@O
@
0
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Graphical Representation: Example

M = (Q, >, I,R,S, S, F)

where:
S
*Q={s,p,q T} O

S/Sa, a

« > ={a, b},
T ={a, S}; @ alaa, a

* R = {Ssa — Sap, e b

apa — aap,
apb — q, @
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Graphical Representation: Example

M = (Q, >, I,R,S, S, F)

where:
S
*Q={s,p,q T} O

S/Sa, a

« > ={a, b},
T ={a, S}; @ alaa, a

* R = {Ssa — Sap, e b

apa — aap,
agb — q,
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Graphical Representation: Example

M = (Q, >, I,R,S, S, F)

where:
S
*Q={s,p,q T} O

. ¥ = {a, b} S/Sa, a

« ' ={a, S}; @ alaa, a

R ={Ssa — Sap,
apa — aap, ale, b

o O

Sqg — f} Sle, €
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Graphical Representation: Example

M=(Q,X2T,R, s@
where: ~— S
*Q={s,p, q T} @

.y = {a’ b}, S/Sa, d

« ' ={a, S}; @ alaa, a

R ={Ssa — Sap,
apa — aap, ale, b

o O

Sqg — f} Sle, €
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Graphical Representation: Example

M = (Q, >, I, R,S, S, F)

where: i @
*Q={s,p,0q, T}
.y = {a’ b}, S/S&, d

« ' ={a, S}; C:D:) alaa, a

R ={Ssa — Sap,
apa — aap, ale, b

o O

Sqg — f} Sle, €

-F={1} 0
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PDA Configuration

Gist: Instantaneous description of PDA

Definition: LetM=(Q, 2, T, R, s, S, F) be a PDA.
A configuration of M is a string y € I"'QX"

Finite State
—  Control
Read-write head @ = current state
Pushdown: | Input tape: { Read head
Am Ay | A d; | & a; a,
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PDA Configuration

Gist: Instantaneous description of PDA

Definition: LetM=(Q, 2, T, R, s, S, F) be a PDA.
A configuration of M is a string y € I"'QX"

Read-write head

Pushdown:

bm A, A;J

Finite State
Control
= current state
Input tape: | Read head
-

=

‘%ﬁigu ration
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Move

Gist: A computational step made by a PDA
Definition: Let xApay and xwaqy be two configurations
of a PDA, M, where

x,wel ,Ael,p,geQ,aeXu{et andy e X"
Let =Apa— wg e R bearule. Then, M makes

a move from xApay to xwaqy according to , written as
XApay [-xway [ ] or, simply, xApay |- xwaqy.

Note: If & = g, no Input symbol is read
Configuration: ‘ :x: ‘ A ‘@‘ a ‘ : y: ‘
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Move

Gist: A computational step made by a PDA
Definition: Let xApay and xwaqy be two configurations
of a PDA, M, where

x,wel ,Ael,p,geQ,aeXu{et andy e X"
Let =Apa— wg e R bearule. Then, M makes

a move from xApay to xwaqy according to , written as
XApay [-xway [ ] or, simply, xApay |- xwaqy.

Note: If & = g, no Input symbol is read
Configuration: ‘ :x: ‘ A ‘@‘ a ‘ : y: ‘

Rule: Apa —» wg
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Move

Gist: A computational step made by a PDA
Definition: Let xApay and xwaqy be two configurations
of a PDA, M, where

x,wel ,Ael,p,geQ,aeXu{et andy e X"
Let =Apa— wg e R bearule. Then, M makes

a move from xApay to xwaqy according to , written as
XApay [-xway [ ] or, simply, xApay |- xwaqy.

Note: If & = g, no Input symbol is read

Configuration: ‘ | : ‘A ‘@‘ a ‘ :y:

e ApHWW //wlv// //

New configuration] TxT [ Ty ‘@‘
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Sequence of Moves 1/2
Gist: Several consecutive computational steps

Definition: Let y be a configuration. M makes
zero moves from y to y; in symbols,

% |=°x [e] or, simply, y |-° %
Definition: Let y,, %1, ---» X, D€ @ Sequence of
configurations,n> 1, and y;; |-x;[r:], r; € R,
forall1=1, ..., n;that s,

%o I=xa [rad =22 [ra] - =2 [
Then M makes n moves from y, to y,,
YXo =" %n [Fy-- Fal OF, SIMply, %o =" %,
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Sequence of Moves 2/2

1T %o |-" %, [p] fOr some n > 1, then
Yo =" xnlplor, simply, o |- %,

If %o |-" %, [p] fOr some n > 0, then
Xo |= %xn[p]or, simply, %o |-

Example: Consider
AApabc |- ABgbc [1: Apa — Bqg], and
ABgbc |- ABCrc [2: Bgb — BCr].
Then, AApabc |-2 ABCrc [1 2],
AApabc |- ABCrc [1 2],
AApabc |-- ABCrc [1 2]
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Accepted Language: Three Types

Definition: LetM = (Q, Z, I, R, s, S, F) be a PDA.

1) The language that M accepts by final state,
denoted by L(M),, Is defined as
L(M), ={w:w e X", Ssw |- zf,z e I'", T € F}

2) The language that M accepts by empty pushdown,
denoted by L(M),, Is defined as
L(M),={w:w e 27, Ssw |- zf, z = ¢, f € Q}

3) The language that M accepts by final state and

empty pushdown, denoted by L(M);,, Is defined as
L(M),.={w:w e 2%, Ssw |-"zf, z=¢, T € F}
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PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?

where: @Ialalblbl

*Q={s,p,q, T}

« > ={a, b},

« ' ={a, S};

R ={Ssa — Sap,
apa — aap,
apb — q,
agb — q,
Sqg — f}

F={1}

Ssaabb
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PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?
where: .@Ialalblbl
Q= {s, P, d, f}; Rule Ssa — Sap
.3 = {a, b}: @Ialblbl
« ' ={a, S};
* R = {Ssa — Sap,
apa — aap,
apb — q,
agb — q,
Sqg — f}
' F={}

Ssaabb |- Sapabb
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PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?

where: [S1®[alalbb]
cQ={s,p,aq,f} Rule Ssa — Sap
.3 = {a, b}: @Ialblbl
T ={a, S} Rule apa — aap
* R = {Ssa — Sap, |S|a|a|®
apa — aap,
apb — q,
agb — q,
Sqg — f}
' F={}
Ssaabb |- Sapabb |- Saapbb
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PDA: Example

M=(Q,2,T,R,s,S, F)
where:
*Q={s,p,0q, T}
« > ={a, b},
« ' ={a, S};
R ={Ssa — Sap,

apa — aap,

apb — q,

agb — q,

Sqg — f}

 F={1}

Question: aabb e L(M);.?

[S1®[ala]b]b]

Rule: Ssa — Sap

I“ICNaHﬂM

Rule: apa — aap

[STa]a]@[b]0]

Rule: apb — g

[S[a]O[E]

Ssaabb |- Sapabb |- Saapbb |- Saqgb
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PDA: Example

M=(Q,2,T,R,s,S, F)
where:
*Q={s,p,0q, T}
« > ={a, b},
« ' ={a, S};
R ={Ssa — Sap,

apa — aap,

apb — q,

agb — q,

Sqg — f}

 F={1}

Question: aabb e L(M);.?

[S1®[ala]b]b]

Rule: Ssa — Sap

I“ICNaHﬂM

Rule: apa — aap

[STa]a]@[b]0]

Rule: apb — g

[S]a]@[E]

Rule: agh — g

H©]

Ssaabb |- Sapabb |- Saapbb |- Sagb |- Sq
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PDA: Example

M=(Q,2,T,R,s,S, F)
where:
*Q={s,p,0q, T}
« > ={a, b},
« ' ={a, S};
R ={Ssa — Sap,

apa — aap,

apb — q,

agb — q,

Sqg — f}

 F={1}

Question: aabb e L(M);.?

[S1®[ala]b]b]

Rule: Ssa — Sap

I“ICNaHﬂM

Rule: apa — aap

[STa]a]@[b]0]

Rule: apb — g

[S]a]@[E]

Rule: agh — g

E100

Rule: S

Ssaabb |- Sapabb |- Saapbb |- Sagb |- Sq |- f




30/50

PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?
where: [S]I®[a]a]b]b]
cQ={s,p,aq,f} Rule Ssa — Sap
.3 = {a, b}: @Ialblbl
. ={a, S} Rule %Se aap
o [STala]@®[b]b]
* R={Ssa — Sap, Rule: apb > g
apa — aap, @IE
apg — 0, Rule: agh > g
ago — (, @
Sq — f} Empty RUES I]
« F = {f} pushdown
Ssaabb |- Sapabb |- Saapbb |- Sagb |- Sq |- f
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PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?
where: [S]I®[a]a]b]b]
cQ={s,p,aq,f} Rule Ssa — Sap
.3 = {a, b} @RI
. ={a, S} Rule %)51» aap
P [STalal@[b]b]

* R={Ssa — Sap, Rule: apb > g

apa — aap, @E

apg — (, Rule: agh — ¢

a0 =4 @I] ‘ Final state

Sq — f} Empty

 F={1}

pushdown

Ssaabb |- Sapabb

Rule: Sq —»f
I]é?JHAnswer: YES

— Saapbb |- Sagb |- Sq |- f
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PDA: Example

M=(Q, 2 TI,R,s,S, F)[ Question: aabb € L(M);.?
where: [S]I®[a]a]b]b]
cQ={s,p,aq,f} Rule Ssa — Sap
.3 = {a, b} @RI
. ={a, S} Rule %)51» aap
P [STalal@[b]b]

* R={Ssa — Sap, Rule: apb > g

apa — aap, @E

apg — (, Rule: agh — ¢

a0 =4 @I] ‘ Final state

Sq — f} Empty

 F={1}

pushdown

Ssaabb |- Sapabb

Rule: Sq —»f
I]é?JHAnswer: YES

— Saapbb |- Sagb |- Sq |- f

Note: L(M), = L(M),=L(M);,

={a"b" n>1}
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Three Types of Acceptance: Equivalence

Theorem:

e L =L(My; fora PDAM; < L = L(M,), for a PDA M,
L=L(M,).fora PDAM_ <L =L(M;,); fora PDA M,
e L=L(My); fora PDAM; < L =L(M,) for a PDA M,

Note: There exist these conversions:

PDA M, that accept L
by final state and
empty pushdown

PDA M that accept L
by final state

PDA M, that accept L
by empty pushdown
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more than
one move from any configuration.

Definition: LetM=(Q, X, I', R, s, S, F) be a
PDA. M is a deterministic PDA if for each rule
Apa — wg € R, 1t holds that R — {Apa —> wg}
contains no rule with the left-hand side equal
to Apa or Ap.

lllustration: Configuration:
[ A@ET ]
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more than
one move from any configuration.

Definition: LetM=(Q, X, I', R, s, S, F) be a
PDA. M is a deterministic PDA if for each rule
Apa — wg € R, 1t holds that R — {Apa —> wg}
contains no rule with the left-hand side equal
to Apa or Ap.

lllustration: Conflguratlon

[ X \ﬁ)\a\ T
—> W0,
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Deterministic PDA (DPDA)

Gist: Deterministic PDA makes no more than
one move from any configuration.

Definition: LetM=(Q, X, I', R, s, S, F) be a
PDA. M is a deterministic PDA if for each rule
Apa — wg € R, 1t holds that R — {Apa —> wg}
contains no rule with the left-hand side equal
to Apa or Ap.

lllustration: Conflguratlon

a |y|

—> W10
No more that one rule of the forms
_) w505
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PDAs are Stronger than DPDAS

Theorem: There exists no DPDA M, that accepts
L ={xy:x,y € 27,y = reversal(x)}

Proof: See page 431 in [Meduna: Automata and Languages]
Illustration:
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Theorem: There exists no DPDA M, that accepts
L ={xy:x,y € 27,y = reversal(x)}

Proof: See page 431 in [Meduna: Automata and Languages]

lllustration:

The family of deterministic
CFLs—the languages
accepted by DPDAs
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L ={xy:x,y € 27,y = reversal(x)}
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Illustration:
The family of deterministic The family of
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PDAs are Stronger than DPDAS

Theorem: There exists no DPDA M, that accepts
L ={xy:x,y € 27,y = reversal(x)}

Proof: See page 431 in [Meduna: Automata and Languages]

|||UStrati0nZ ‘ L={xy:x,y € %, y = reversal(x)} ‘
The family of deterministic The family of

CFLs—the languages (| languages accepted
accepted by DPDAs by PDAS
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Extended PDA (EPDA)

Gist: The pushdown top of an EPDA represents a
string rather than a single symbol.
Definition: An Extended Pushdown automaton

(EPDA)isa 7-tuple M= (Q, 2, T, R, s, S, F),
where Q, 2, T, s, S, F are defined as in an PDA and
R Is a finite set of rules of the form: vpa — wq,
wherev,we I ", p,qe Q,acXu{c}

lHlustration:
Pushdown of PDA: Pushdown of EPDA:
| | | | | |
| x, [A] L ooxo | vy |

= —
PDA has a single symbols as the EPDA has a string as the

pushdown top pushdown top
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Move in EPDA

Definition: Let xvpay and xwaqy be two configurations
of an EPDA, M, where x,v,w eI, p,ge Q,aec X
U{e}, andy € X". Letr=vpa—>wg € Rbearule.
Then, M makes a move from xvpay to xwqy according
to r, written as xvpay |- xwaqy [r] or xvpay |- xwaqy.

Configuration:‘ :x: ‘ : :v: : \@\a\ :y: ‘
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Move in EPDA

Definition: Let xvpay and xwaqy be two configurations
of an EPDA, M, where x,v,w eI, p,ge Q,aec X
U{e}, andy € X". Letr=vpa—>wg € Rbearule.
Then, M makes a move from xvpay to xwqy according
to r, written as xvpay |- xwaqy [r] or xvpay |- xwaqy.

Configuration:‘ :x: ‘ : :v: : \@\a\ :y: ‘

Rule: vpa —» wqg
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Move in EPDA

Definition: Let xvpay and xwaqy be two configurations
of an EPDA, M, where x,v,w eI, p,ge Q,aec X
U{e}, andy € X". Letr=vpa—>wg € Rbearule.
Then, M makes a move from xvpay to xwqy according
to r, written as xvpay| XWQy [r] or Xvpay |- xway.

Conflguratlon‘ ‘ ‘@‘ a ‘ l y .

e Vpaﬁwq\\\\ T /- ‘//

New configuration: | ,x, | ,w, ‘@‘ !
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Move in EPDA

Definition: Let xvpay and xwaqy be two configurations
of an EPDA, M, where x,v,w eI, p,ge Q,aec X
U{e}, andy € X". Letr=vpa—>wg € Rbearule.
Then, M makes a move from xvpay to xwqy according
to r, written as xvpay |— XWQy [r] or Xvpay |- xway.

Conflguratlon‘ ‘@‘ d ‘ . y !

Rule: Vpa—>WCI\\‘\\ ; // //

New configuration: x : :W: ‘@‘ I y I

Note: |-", |-, |-*, L(M);, L(M). , and L(M);, are defined
analogically to the corresponding definitions for PDA.
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EPDA: Example

M=(Q,2,T,R,s,S, F)

where:
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EPDA: Example

M=(Q,2,T,R,s,S, F)

'WCQ e:re{s f}; @
©
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EPDA: Example

M = (Q, >, I,R,S, S, F)

°W<§ e:re{s f}; @
« > ={a, b};
O,
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EPDA: Example

M = (Q, >, I,R,S, S, F)

°W<; e:re{s f}; @
« > ={a, b};
O,

T'={a,h,S,C}
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EPDA: Example

M=(Q,2,T,R,s,S, F) ela,

where: 5%)
*Q={s,Th

« > ={a, b},

T'={a,h,S,C}

*R={ sa—as, @
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EPDA: Example

«R={

M=(Q,%T,R,s,S, F) ela,
where: 329
elb, b

Q={s T}
« > ={a, b},
T'={a,h,S,C}

Sa — as, @

sb — Dbs,
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EPDA: Example

M=(Q, % TI,R,s, S F) ela,
where:
elC, &
° Q — {S’ f}, %
.3 = {a, b}: elb, b

T'={a,h,S,C}

‘R={ sa-—as, @

sb — Dbs,
s —Cs,
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EPDA: Example

M=(Q,%TI,R,s,S,F) ela, aClC, a
where:

elC, &
. Q = {S’ f}, %
.Y = {a, b}; elb, b

«I'={a, b, S, C};
‘R={ sa—as, @
sb — Ds,

s —Cs,
aCsa — Cs,
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EPDA: Example

M=(Q,%TI,R,s,S,F) ela, aClC, a
where:
elC, &

*Q={s, f};
.3 = {a, b}: elb, b hC/C, b

«I'={a, b, S, C};
‘R={ sa—as, @
sb — bs,
s — Cs,

aCsa — Cs,
hCsb — Cs,
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EPDA: Example

M=(Q,%T,R,s,S, F) ela,
where:

*Q={s, T}
.3 = {a, b}: elb, b
T'={a,h,S,C}

R={ sa—as,
sb — Dbs,

s — Cs,
aCsa — Cs,
hCsh — Cs,
SCs —» T}

aC/C, a
elC, &

bC/C, b
SCle, €
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EPDA: Example

M=(Q,2,1T,R,Ss S, F
(Q \) ela,

where: —~——

*Q=1s T}

> ={a, b}; elb, b
«I"={a, b, S, C};
R={ sa—as,
sb — bs,

s — Cs,

aCsa — Cs,

hCsb — Cs,
SCs —» T}

aC/C, a
elC, &

bC/C, b
SCle, €
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EPDA: Example

M=(Q,2,T,R,S,S, F)
where: T
*Q={s, T}
« > ={a, b},
«I"={a, b, S, C};
R={ sa—as,

sb — Dbs,

s — Cs,

aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}
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EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?
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EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?
Ssabba
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EPDA: Example

M = (Q, >, I, R,S, S, F)
where: B
*Q={s T}

« > ={a, b},
T'={a,h,S,C}

‘R={ sa—as,
gb : I(J;SS Question: abba € L (M)?
aCsa — Cs, Ssabba |- Sasbba
bCsb — Cs,
SCs —» T}

- F={1)
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EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?
Ssabba |- Sasbba |- Sabsba
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M=(Q,%T,R,s,S,F
(Q,2, T s\)
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*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?

Ssabba |- Sasbba |- Sabsba
|- SabCsba
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EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?
Ssabba |- Sasbba |- Sabsba

|- SabCsba |- SaCsa



36/50

EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
+ 2 ={a, b};
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?

Ssabba

— Sashba |- Sabsba
— SabCsba|- SaCsa
—SCs
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EPDA: Example

M=(Q,%2,T,R,Ss,S,F)

where: T

*Q={s T}

« ¥ ={a, b},

I'={a, b, S, C}

R={ sa—as,

gb :)) I(J:SS Question: abba € L (M)?

aCsa — Cs, Ssabba |- Sasbba |- Sabsba
bCsb — Cs, — SabCsbal- SaCsa
SCs — f} —SCs |- f

o F = {f} Answer: YES
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EPDA: Example

M=(Q,%T,R,s,S,F
(Q,2, T s\)

where:

*Q={s, T}
« > ={a, b},
«I"={a, b, S, C};
R={ sa—as,
sb — Dbs,
s — Cs,
aCsa — Cs,

hCsb — Cs,
SCs —» T}

F={1}

Question: abba € L (M)?

Ssabba |- Sasbba |- Sabsba
— SabCsbal- SaCsa
—SCs |-f

Answer: YES

Note: L(M); = L(M), =L(M);, = {xy: X,y € 7, y = reversal(x)}
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Three Types of Acceptance: Equivalence

Theorem:

* L = L(My); for an EPDA M; < L = L(M,,),. for an EPDA M,
 L=L(M,), foran EPDA M, < L = L(M;,);. for an EPDA M,
« L =L(My); for an EPDA M; < L = L(M,), for an EPDA M,

Note: There exist these conversion:

EPDA M, that accept L
by final state and
empty pushdown

EPDA M, that accept L
by empty pushdown

EPDA M; that accept L
by final state
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EPDAs and PDAs are Equivalent

Theorem: For every EPDA M, there isa PDAM’,
and L(M), = L(M’)..

Proof: See page 419 in [Meduna: Automata and Languages]

lllustration:
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EPDAs and PDAs are Equivalent

Theorem: For every EPDA M, there isa PDAM’,
and L(M), = L(M’)..

Proof: See page 419 in [Meduna: Automata and Languages]

lllustration:

The family of The family of
languages accepted languages accepted
by EPDAS by PDAs
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EPDAs and PDAs as Parsing Models for CFGs

GIst: An EPDA or a PDA can simulate the
construction of a derivation tree for a CFG

» Two basic approaches:
1) Top-Down Parsing 1 2) Bottom-Up Parsing

Input string \

Input string

From S towards
the input string

From the input

|
I
|
I
|
I
\ |
I
|
I
|
I -
! string towards S
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EPDAs as Models of Bottom-Up Parsers 1/2

Gist: An EPDA M underlies a bottom-up parser
1) M contains shift rules that copy the input symbols
onto the pushdown:

[ JOGET 1]
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EPDAs as Models of Bottom-Up Parsers 1/2

Gist: An EPDA M underlies a bottom-up parser
1) M contains shift rules that copy the input symbols
onto the pushdown:

Loxy [Olal Ly, ‘foreveryaez:

— — add sa > asto R;
Lox, 1alOl by, |

2) M contains reduction rules that simulate the
application of a grammatical rule in reverse:

@‘ LY ‘foreveryA—>x6PinG:

ﬁ‘ ” ‘addxs—>AstoR;

3) M also contains the rule #5s — 1 that takes M to a
final state
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

VAN

Derivation tree:

start pushdown symbol

-1 x_ Tyt T 1z}
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VAN

Derivation tree:

i AL o 1Oy | gz |
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Lo Loy |z,




41/50

EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

VAN

Derivation tree:

S
--
-

X
<
.'.\l_




41/50

EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

VAN

Derivation tree:

Rule: B > | X | y |
|#| 1 X | | LY | | :Z: |

_ Y Vo L oazy |
start pushdown symbol
P T T2
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

Derivation tree:
B
171 |I
X y
2, |
Vi A

X
<
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

Derivation tree:

B
121 |

:z:le y | z |
Vo |z |

X
<
.'.\l_
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EPDAs as Models of Bottom-Up Parsers 2/2
Bottom-up construction of a derivation tree:

VAN

Derivation tree:
IRlIJIe:C—>Iz :
I#I 1 X | IBI 1 Z | II] B
[#] Tx| YR
Rule: B - v Lyl z |
#l X LY | 1 Z | |
i 1#] 1%, Vi Lz |

&=
5
.
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

VAN

Derivation tree:

] 11 [BICI®I

IRlIJIe:C—>Iz :
1#] yx; IB] 17, II] B|C
[#] Tx! A
Rule: B > — B y Z
|#| 1 X | | LY | | 1 Z | |
| 1#] 1 o AR

&=
5
.
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

VAN

Rule: S— xBC Derivation tree:
Hl Xy
Rule: C > 7

A1 1x7 IBI Tz1 1 B[C

N

3=
A
o =
X o
o
<
-
X
<
N

<<
N

X
<
.'.\l_
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EPDAs as Models of Bottom-Up Parsers 2/2
Bottom-up construction of a derivation tree:

VAN

Rule: S—> xBC Derivation tree:
#| (X,

N

+
A
— =
>
ve
N
<
-

<<
N

X
<
.'.\l_
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EPDAs as Models of Bottom-Up Parsers 2/2

Bottom-up construction of a derivation tree:

(@l
_—

#5s > 1T e R
Rule: S—> xBC Derivation tree:
#| (X,
Rule: C > 7

N

+
A
- =—C
> e
ve
N
<
-

<<
N

X
<
.'.\l_
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Algorithm: From CFG to EPDA

* Input: CFGG=(N, T, P, 9)
- Output: EPDAM = (Q, X, T, R, s, #, F); L(G) = L(M);
« Method:
*Q:={s, T}
X =1T;
" =NuUTuU{#}
» Construction of R:
« forevery a € X, add sa > as to R;
» for every A > x € P, add xs > As to R;
*add #5s > T 1O R;

*F={}
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From CFG to EPDA: Example 1/2

«G=(N,T,P,S), where:
N={S}H T={()} P={5—>(5),S—> ()}

Objective: An EPDA M such that L(G) = L(M),

M=(Q,Z2TI,R,s,# F)where:
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From CFG to EPDA: Example 1/2

«G=(N,T,P,S), where:
N={S}H T={()} P={5—>(5),S—> ()}

Objective: An EPDA M such that L(G) = L(M),

M=(Q,Z2TI,R,s,# F)where:
Q={1EZ=T={()ET=NUTU{#}={5() #}

“(”eT “)”eT S,— ESEEP S—>()eP

R = {\(—)(s s)—>)s @)s—>Ss ()s—>Ss, #Ss > 1}

shift rules reductlon rules

F={1}
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From CFG to EPDA: Example 2/2
M=(Q,2TI,R,s,# F), where:

Q=41 Z=T={()rT={() S #: F={1}
R={s(—>(s,s) >)s, (S)s > Ss, ()s — Ss, #Ss —> 1 }

Question: (()) € L(M);?

FIOLT (D]
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From CFG to EPDA: Example 2/2
M=(Q,2TI,R,s,# F), where:

Q=41 Z=T={()rT={() S #: F={1}
R={s(—>(s,s) >)s, (S)s > Ss, ()s — Ss, #Ss —> 1 }

Question: (()) € L(M);? Rule: ()s = S

AOMMN]  FIsiend b

Rule: s( — (s : Rule: s) » )s /S\
FIAOLMD] ¢ + EIAdsDION O

Rule: s(— (s I Rule: (S) > S S

F[adenm i [Eel A
Rule: s) = )s | Rule: #Ss — (())

HimEnen (()"Fmalstat‘e_ﬂg e
Answer:
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PDASs as Models of Top-Down Parsers 1/2

Gist: An PDA M underlies a top-down parser

1) M contains popping rules that pops the top symbol from the
pushdown and reads the input symbol if both coincide:

[ TEIOET ]
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PDASs as Models of Top-Down Parsers 1/2

Gist: An PDA M underlies a top-down parser

1) M contains popping rules that pops the top symbol from the
pushdown and reads the input symbol if both coincide:

L 1%, \a\@\a\ Y ‘foreveryaEZ:

— — add asa > sto R;
L ox, (OL Ly, |

2) M contains expansion rules that simulate the
application of a grammatical rule:

@\ 'y, |foreveryA—>a,...a, e PinG,

add As > a,...a;stoR;
ﬁ—l
‘an:...:ad ‘ : y : ‘ = reversal(a, ...a,)
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PDASs as Models of Top-Down Parsers 2/2

Top-down construction of a derivation tree:
start pushdown symbol

O e [baeb [e k]

Derivation tree:
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Derivation tree:
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Top-down construction of a derivation tree:
start pushdown symbol

ERRRE A N

a,..a BC — — |
iC|B| a..aa |l .Ta, [ofTh Je. k. k.l

g

[b4...Tb, Je,f. -k ]| Derivation tree:

B —Db,..b

\'4
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Top-down construction of a derivation tree:
start pushdown symbol

BN I

N I

.ab fet. k|| Derivation tree:

R




46/50

PDASs as Models of Top-Down Parsers 2/2

Top-down construction of a derivation tree:
start pushdown symbol

R N

R

. E.,|| Derivation tree:

OK OK




46/50

PDASs as Models of Top-Down Parsers 2/2

Top-down construction of a derivation tree:
start pushdown symbol

R N

R

. E.,|| Derivation tree:

OK OK




46/50
PDASs as Models of Top-Down Parsers 2/2

Top-down construction of a derivation tree:
start pushdown symbol

R N

R

. E.,|| Derivation tree:

OK OK




46/50

PDASs as Models of Top-Down Parsers 2/2

Top-down construction of a derivation tree:
start pushdown symbol

LN [

LN [

ool e Derivation tree:

Empty

pushdown
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Algorithm: From CFG to PDA

e Input: CFGG=(N, T, P, 9)
- Output: PDAM =(Q, =, T, R, 5, S, F); L(G) = L(M),
 Method:

* Q :={s};
« 2 =T;
' =NUT;

» Construction of R:
« forevery a € X, add asa - s to R;
 for every A— x € P, add As —» ysto R,
where v = reversal(x);
k=0,
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From CFG to PDA: Example 1/2

«G=(N,T,P,S), where:
N={S}H T={()} P={5—>(5),S—> ()}

Obijective: An PDA M such that L(G) = L(M),

M=(Q,%TI,R,s, S, F)where:
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Models for Context-free Languages

Theorem: For every CFG G, there is an PDA
M such that L(G) = L(M)...

Proof: See the previous algorithm.

Theorem: For every PDA M, there is a CFG
G such that L(M), = L(G).

Proof: See page 486 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for

context-free languages are
1) Context-free grammars 2) Pushdown automata




