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Part I

Restricted Turing Machines
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Restricted Turing Machines

Restricted Turing machines are
• easier to deal with when compared to their general versions,
• as powerful as the general versions.

Types of restriction
1 restrictions placed upon computation,
2 restrictions placed upon the size.
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Computational Restrictions

We require these machines to work deterministically:
• From any configuration, they can make no more than one move.

Definition
Turing Machine is deterministic if it represents a deterministic
rewriting system.

Turing Machines are equivalent if they define the same language.

Definition
Turing Machines are equivalent if their languages coincide.

Theorem
For every Turing Machine M, there exists an equivalent deterministic
Turing Machine D.
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Computational Restrictions

Definition
Let M be a Turing Machine. If from χ ∈MX , M can make no move,
then χ is a halting configuration of M.

Theorem
For every deterministic Turing Machine D, there exists an equivalent
deterministic Turing Machine M = (Σ,R) such that MQ contains two
new states, � and �, which do not occur on the left-hand side of any
rule in MR, MF = {�}, and

1 every halting configuration χ ∈MX has the form χ = �qu� with
q ∈ {�,�}, and every non-halting configuration v ∈MX satisfies
{�,�} ∩ aplh(v) = ∅;

2 on every input string x ∈M4∗, M performs one of these three
kinds of computation:

• �Ix�⇒∗ ��u�, where u ∈MΓ
∗,

• �Ix�⇒∗ ��v�, where v ∈MΓ
∗,

• M never enters any halting configuration.
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Computational Restrictions

Convention
• Turing Machine M has the properties of previous Theorem.
• Let TMΨ be the set of all these machines.
• Let TMΦ = {L(M)|M ∈TMΨ} be the family of Turing languages.

Convention
Let M ∈TMΨ and x ∈M4∗. We say that
• M accepts x iff on x , M makes a coputation on the form (i),
• M rejects x iff on x , M makes a coputation on the form (ii),
• M halts x iff it accepts or rejects x ,
• M loops on x iff it performs a computation of the form (iii),
• State � is accepting state and ��u� is accepting configuration,
• State � is rejecting state and ��u� is rejecting configuration.
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Computational Restrictions

Every L ∈TMΦ is accepted by O ∈TMΨ that never rejects any input x .
• either O accepts x or O loops on x .

We cannot reformulate this result so O never accepts any input.
• because the language of any Turing Machine that accepts no

input is empty.
We cannot reformulate this result so O never loops.
• because TMΦ contains languages accepted only by Turing

Machines that loop on some inputs.

Theorem

Let M ∈TMΨ. Then, there is O∈TM Ψ such that L(M) = L(O) and O
never rejects any input.

This result has crucial consequences in computer science as a whole.
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Size-Related Restrictions

Place a limit on the number of tape symbols in Turing Machines.

Theorem

Let D ∈TMΨ width card(D4) ≥ 2. Then, there is M ∈TMΨ with
MΓ =D4∪{2}.

Corollary

Let D ∈TMΨ. Then, there exists M ∈TMΨ with MΓ = {a,b,2}∪D4.

We can also place a limit on the number of states in Turing Machines.

Theorem

Let D ∈TMΨ. Then, there exists M ∈TMΨ with card(MQ) ≤ 3.

By simultaneously placing a limit on both the number of non-input
tape symbols and the number of states, we decrease the power of
Turing Machines.
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Thank you for your attention!
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