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Advanced Lectures:
L-systems
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OL System

History:  Astrid Lindenmayer, 1968

Inspiration: the growth process in living organisms

Classical approach:
Only a certain part of a word Is rewritten at
one moment.

Lindenmayer approach:
All letters of a word must be rewritten at
the same time.
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_QL Lefinition

Zero-sided left-side handle| [ Lindenmayer system

Gist: no nonterminals, parallel derivation step

Definition: OL system is a triple H = (V,P,w):
1) V is a finite alphabet of symbols

2) P 1s a finite set of rules of the form: a — X,
where ae Vandx e V*

3) w € V7 Is the starting string (axiom).
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Derivation

Gist: parallel rewriting of all symbols

Definition: Direct derivation (=):

a,a,...a,=>X%XX..Xx,n>1ifa—->xeP
foralli1=1,...,n.

Derivation (=7): reflexive and transitive
closure of =.

Example: u=a, a, ... a

b4

V=X, X, ... X
and we write: u=V
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Language & Example

Gist: all reachable sentential forms in L(H)

Definition: Language L(H) = {x : w =7x}.

Example: H = ({a}, {a —> aa}, a)

;i p— aZO:a
\Zaa =  a2t=a?

\
aaaa = a¥=a
VARVARRVERN i .
aaaaaaa=ar=a
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Variants of L-systems

Gist: determinism and/or no erasing rules
Let H = (V, P, w) is aOL system.

Definition: Deterministic OL system (DOL):
For each a  V there Is exactly one rule
a—XeP.

Definition: Propagating OL system (POL):
For eacha — x € P holds x = ¢.

Note: PDOL is a deterministic propagating OL system.
Note 2: The previous example is a PDOL system.
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Example — Red Alga Simulation

Model of red alga growth by PDOL system:

1—- 23
2 — 2
3->24
4 — 54
Starting string: & + Rules: [ S
556
6—>7
7 — 8[1]
3—>38
11
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Red Alga Simulation 1/11

Deriv
1= 23

ation:

w

— O NOUl M AWN P
= N
]

R R N A A
— 0 0O~NOD M UINN N
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Red Alga Simulation 2/11

Derivation:
1 = 23 = 224

224

B~ w

= 00O ~NO MmN
=
e

— O ~NOOU MDA WN R
I IR 2 2R 2R 2R R
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Red Alga Simulation 3/11

Derivation:
1 = 23 = 224 = 2254

2254

b w

= 00O ~NO mOINNN
=
e

— O ~NOOU MDA WN R
IR 2R 2 R 2R R R
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Red Alga Simulation 4/11

Derivation:
1 = 23 = 224 = 2254 = 22654

22654

b w

= 00O ~NO mOINDNN
=
e

— O ~NOOU MW N R
N 2R 2R 2 R 2R R
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Red Alga Simulation 5/11

Derivation:
1 = 23 = 224 = 2254 = 22654 = 227654

227654

1 > 23
2 > 2
3 > 24
4 — 54
[ > |
5 > 6
6 > 7
7 — 8[1]
8 —»> 8
1 -1
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Red Alga Simulation 6/11

Derivation:
1 = 23 = 224 = 2254 = 22654 = 227654 = 228[1]7654

w

1
2287654

b

=
=
e

— 0N U MR WN R
R R R IR A

—l 00 00 N O ™M OUOINNDN
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Red Alga Simulation 7/11

Derivation:
1= .. = 228[1]7654 = 228[23]8[1]7654

2
22887654
1

1 > 23
2 > 2
3 > 24
4 — 54
[ - |
5 > 6
6 > 7
7 — 8[1]
8 —»> 8
1 -1
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Red Alga Simulation 8/11

Derivation:
1 = ... = 228[23]8[1]7654 = 228[224]8[23]8[1]7654

— O NOOU M NWN R
R R R A
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Red Alga Simulation 9/11

Derivation:
1 =* 228[2254]8[224]8[23]8[1]7654

— 0O NO 01 mm B~ WDNFPEF

VIdIdd LI L
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Red Alga Simulation 10/11

Derivation:
1 =* 228[22654]8[2254]8[224]8[23]8[1]7654

— 0O NO 01 mm B~ WDNFPEF

VIdIdd LI L



8/13

Red Alga Simulation 11/11

Derivation:
1 =* 228[227654]8[22654]8[2254]8[224]8[23]8[1]7654
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Operations over OL languages

Gist: properties different from CFLs

Not closed under operations:

e union of OL languages

e Intersection of OL languages

« complementation of OL language

e concatenation of OL languages

e positive closure (*) of OL language

Closed under operations:
e reversal of OL language
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EOL Definition

Gist: improved variant of OL system

Definition: Extended OL system is a quadruple
G=(V,T,P,w)where

V, P, w have the same meaning as in OL system,

T < V Is set of terminals

Note: =, =" — by analogy with OL systems.

Definition: Language generated by EOL
systemGisL(G)={x:w="x,xe T}.

Note: If V =T in EOL system then it is OL system.



11/13

EOL system — Example

Gist: EOL are more powerful than OL;
starting string has not to be inluded in L(G).

Example: G = ({S, a, b}, {a, b}, P, 5)
P={S—>a, S—>Db, a—aa b—>bb}
L(G)={az":n>0} u{b2":n>0}

L(G) e L(EOL) — L(0L) = L(OL) — L(EOL).
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OL & Chomsky hierarchy

{a, aa} ‘

| {a)

| K={brcdn : n > 0}

| H={02" : n > 0}
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L systems & Chomsky hierarchy

| cs |

‘ ETOL \

EOL

CF OL
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