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Definitions Trios

Definitions

Basic Definitions

@ Y * —free monoid generated by finite set ¥

€ € ¥ — unit

Tt =5\ {e}

homomorphism h: ©* — A*, h(uv) = h(u)h(v), i.e.,
if w=ajax...an, then h(w) = h(ay)h(az) ... h(an)

L is a family of languages if

o L is a set of languages
@ L contains nonempty language

FIN, REG, LIN, CF, CS, REC, RE
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Definitions Trios

Definitions

Trios and Full Trios

@ A trio is a family of languages closed under

o ¢-free homomorphism (h(a) #eVaex)
e inverse homomorphism  (h='(L) = {w : h(w) € L})
e intersection with regular language

@ REG, LIN, CF, CS, REC, RE

@ Afull trio is a trio closed under homomorphism
@ REG, LIN, CF, RE
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Definitions Operations

Operation

Random Parallel Deletion

L, K C ¥* two languages

[J_, L, K] = {U1 Up...UnlUnyt € YU XqUs ... UnXnlUpi1 € L,

xeK,1<i<nn>1}

Example
@ [L,{abababa},{aba}] = {baba,...}
@ [L,{abababa},{aba}| = {baba, abba, ...}
@ [L,{abababa},{aba}| = {baba, abba, abab, . ..}
@ [L,{abababa},{aba}| = {baba, abba, abab, b}
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Definitions Operations

Operation

Parallel Deletion

L, K C ¥* two languages

[La, L, K] ={u1Uz... Uplps1 € TF 1 U1 XqUs ... UnXpUpyt € L,
xi€ K, {ui} nZ*(K\ {e})x* =0,
1<i<n+1,1<j<nn>1}

Example
@ [L,, {aabababaa},{aba}] = {aba,...}.
@ [L,, {aabababaa}, {aba}] = {aba, aabbaa}.
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Definitions Operations

Operation

Sequential Deletion

L, K C ¥* two languages

[L1, K] ={u € T u1xup € L, x € K}.

@ [L4,{abababa},{aba}] = {baba,...}.

o [Ly,{abababa},{aba}] = {baba, abba,...}.

@ [L4,{abababa},{aba}] = {baba, abba, abab}.
@ [L4,{aba},{aba}] = {}.

@ [L4,{ab},{aba}] = 0.
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Definitions Operations

Operation

Scattered Sequential Deletion

L, K C ¥* two languages

[Lis, L, K] ={U1Us ... Uplpy1 € TF 1 U1 XqUs ... UnXpUpyt € L,

XiXo...Xn €K, n>1}.

@ [L4s, {adbcea},{ab, ca}] = {dcea,...}.
@ [Lqs, {adbcea}, {ab, ca}] = {dcea, adbe}.
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Definitions Operations

Operation

Multiple Scattered Sequential Deletion

L, K C ¥* two languages

[Ls, L, K] ={UiUz...UplUny1 € T* : U4 Xq Uz ... UnXnUps1 € L,

X1 X2...Xp € KT, n>1}.

@ [L4s, {adbcea},{ab, ca}] = {dcea,...}.
@ [Lqs, {adbcea}, {ab,ca}] = {dcea, adbe, ... }.
@ [Lqs, {adbcea},{ab, ca}| = {dcea, adbe, de}.
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Definitions Operations

Notation

X, Y families of languages
X, X, V) ={[x,LLK]: Le X, K€ Y}
X e {J—7 J—aa J—1 ) J—157 J—S}

Regular deletion signifies Y = REG.
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Main Results Full Trios

Auxiliary Lemma

Let C be a family of languages. Then,
C C (x,C, REG)

X € {J—1 yL,La, Lis, J—S}

Let L € C. Then, L = [x, L, {e}] € (x,C, REG).
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Main Results Full Trios

Full Trios

First Main Result

LetT be a full trio. Then,
(x,T,REG) =T

X e {L17J—7J—ay L155 J—S}
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Main Results Full Trios

Full Trios

Proof (Sequential Deletion)

LetT be a full trio. Then, (11,7,REG) =T.

Proof.
o [L{,L,Rle(L4,T,REG),LCYX*, RCA*,ACY

o [L,L,Rl={uveXxX*:uxvel xecR}

@ Wewant L' € T suchthat L' = [L4, L, R]
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Main Results Full Trios

Full Trios

Proof (Sequential Deletion)

Let T be a full trio. Then, (14,7,REG) =T.

Proof.
o [Li,LLRl={uveX:uxvel,xeR}

@ h:(AUL) - A ={d:aeA} ANnr=90
h(a) = h(a) = a del aex

@ h(ux'v) = uxv (xX'=4...a,ifx=a1...ap)

e ux've ' (L)ynZ*R'L* x' € R C A

Ol

v
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Main Results Full Trios

Full Trios

Proof (Sequential Deletion)

LetT be a full trio. Then, (11,7,REG) =T.

Proof.
o ux've ' (L)NX*R'E* X c RCA*, A'NE =1

@ g: (AU —x*
g@)=¢ ael
gla)=a aex

@ g(ux'v) =uv uv € g(h~'(L)n Z*R'L¥)

Ol

v
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Main Results Full Trios

Full Trios

Corollary

Let T be a full trio. Then, (x,T,REG) =T, x € {14, 1, La, Lys, Ls}.

[Ly,L, R = g(h~(L) N T*R'T*)

The proofs for the other cases are analogous.
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Main Results Full Trios

Full Trios

Corollary

Let T be a full trio. Then, (x,T,REG) =T, x € {14, 1, La, Lys, Ls}.

[Ly,L, R = g(h~(L) N T*R'T*)

The proofs for the other cases are analogous.

REG, LIN, CF and RE are closed under all these operations.
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Main Results Full Trios

Full Trios

Only Sufficient Condition for Deletion Closure

The reverse implication does not hold:
(x, FIN, FIN) = FIN

xe{lq, L, La Lqs,Ls}, and FIN is not trio.
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Main Results Non-full Trios

Non-full Trios

Second Main Result

Let C be a non-full trio. Then,
C C (x,C, REG)

X e {La J—a7 J—155 J—S}
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Main Results Non-full Trios

Non-full Trios

Proof (Parallel Deletion)

Let C be a non-full trio. Then, C C (L,C, REG).

Proof.
@letLeC LCY”
@ h:X* — A*,xNA =0, suchthat h(L) ¢ C
@ A={acXx:h(a)=c¢}
@ g: ¥ — (AUA)*
gla=h(a) acx\A
gla)=a ach
@ g(L)ecC

Ol

v
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Main Results Non-full Trios

Non-full Trios

Proof (Parallel Deletion)

Let C be a non-full trio. Then, C C (L,C, REG).

@ h(v) € h(L) if and only if

) = g(u1)xs ... g(Un)Xng(Uny1) € 9(L), guj) € A%,
h(v) = g(uq) ... g(un)g(un.1) if and only if

@ h(v) € [L,g(L), A ]nA*

@ V=UiX{...UnXpUniy € L,n2>1, u; € (X\ A, x; € A*

Ol

v

Closure Properties of Trios under Operations of Regular Deletion 19/24




Main Results Non-full Trios

Non-full Trios

Proof (Parallel Deletion)

Let C be a non-full trio. Then, C C (L,C, REG).

Proof.
@ h(L) =[L,g(L),A*] n A*

@ [L,g(L),A*] € Cimplies h(L) = [L,g(L),A* ]nA*eC
— contradiction

o [L,g(L),A]¢C

Ol

v
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Main Results Non-full Trios

Non-full Trios

Corollary

Let C be a non-full trio. Then,
C C (x,C, REG)

X e {J—a J—a, J—155 J—S}

CS and REC are not closed under these operations. \
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Main Results Non-full Trios

Non-full Trios

Sequential Deletion

Problem
1. CS? (14, CS, REG)
2. REC? (14,REC, REG)
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Main Results Non-full Trios

Non-full Trios

Sequential Deletion

1.CS? (L4, CS, REG)
2. REC? (L4, REC, REG)

| \

Solution

1. CS c (L4, CS, REG)
2. REC c (L4, REC, REG)

There is a non-full trio C such thatC C (14,C, REG).
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Main Results Non-full Trios

Non-full Trios

Sequential Deletion

(14,CS, REG) = RE.

@ LeRE,LCY* abcgXx
@ Thereis L’ € CS such that L’ C Lba*c

o a—p it 6] > |of

o o — pXlel=IAl if 8] < af

e S — Shc

o Xa— aX if o e VU {b}
o bX — ba

o L=[Lly,L' ba*c] € (L4,CS, REG)

Ol

v
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Summary
Summary

@ Every full trio is closed under all these operations.

@ Except for sequential deletion, any non-full trio is not closed under
these operations.

@ Open Problem
o Is there a non-full trio C such that C = (L,C, REG)?
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