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Parallel Right-Linear Grammar
n-Parallel Right-Linear Grammar (n-PRLG)

Definition

An n-PRLG, n > 0, is an (n+ 3)-tuple

G=(Ny,...,Nn, T,S,P),

where
@ N; are mutually disjoint nonterminal alphabets, 1 < i < n,
@ T is a terminal alphabet,
] S€N1 U---UNp,
@ P contains three kinds of rules:
QS—X .. X, X eN,1<i<n,

Q X - wYy X,Y e N forsomei,1<i<n weT* and
Q X—w XeN,we T
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Parallel Right-Linear Grammar
n-Parallel Right-Linear Grammar (n-PRLG)
Derivation Step
Forx,y € (NUTU{S})*,

X=Y

if and only if
@ citherx=Sand S — yc P,
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n-Parallel Right-Linear Grammar (n-PRLG)

Derivation Step

Forx,y € (NUTU{S})*,
X=y
if and only if
@ citherx=Sand S — yc P,
Q x =y XiyoXo... ynXn
ool |
Y=WVXiYaXo...YnXn
yie T, ;e T"NUT*, Xie N, Xi — x; € P,1<i<n.
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Parallel Right-Linear Grammar
n-Parallel Right-Linear Grammar (n-PRLG)

Derivation Step

Forx,y € (NUTU{S})*,
X=y
if and only if
@ citherx=Sand S — yc P,
Q x =y XiyoXo... ynXn

] ... |
Y=»nX1YoXo...¥YnXn

yie T, ;e T"NUT*, Xie N, Xi — x; € P,1<i<n.

L(G)={w e T*: S =7 w}, =7 defined as usual.

R, ={L(G) : Gis an n-PRLG}.
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n-PRLG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
@ A— aA
e A— a
@ B— bB
e B—-b
Consider a derivation in G:

S
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Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

S — AB
A— aA
A— a
B — bB
e B—-b
Consider a derivation in G:

(*]
(*]
o
o

S= AB
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n-PRLG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

S — AB
A— aA
A— a
B — bB
e B—-b
Consider a derivation in G:

(*]
(*]
o
o

S = AB = aAbB
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Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
@ A— aA
e A—a
@ B— bB
e B—-b
Consider a derivation in G:
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n-PRLG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
@ A— aA
e A— a
@ B— bB
e B—-b
Consider a derivation in G:

S = AB = aAbB = aaAbbB = a°b°
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n-PRLG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
@ A— aA
e A— a
@ B— bB
e B—-b
Consider a derivation in G:

L(G)={a"b":n>1}
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First-Move Self-Regulating Finite Automaton
Finite Automaton

Definition

A finite automaton is a 5-tuple, M = (Q, X, 4, o, F), where

@ Qs afinite set of states, @ Y is a finite input alphabet,
@ ¢ is a finite set of rules, @ qo € Qs an initial state,
@ F C Qis a set of final states.

Let ¢ : 0 — W be a bijection (V is a set of rule labels).
r.qw — p means ¢(qw — p) =r
gwy = py|[r] if gwy € QX*, rgw — p €
LIM)={weX :qw="f fcF}
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First-Move Self-Regulating Finite Automaton
n-turn First-Move Self-Regulating Finite Automaton

Definition

An n-first-SFA, n > 0, M, is a 7-tuple

M = (07 z? 57 q07 qt? F7 R)7

where
@ (Q,X%,4,qo, F) is a finite automaton,
@ g:; € Qs aturn state,
@ R C V¥ x Vs a finite relation on the alphabet of rule labels.
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First-Move Self-Regulating Finite Automaton
n-turn First-Move Self-Regulating Finite Automaton

Definition

M accepts w if there is qow =* f[u], f € F, such that

_,0 0 1 1 n n
,u—l’1kr1l’kr1l'k,
N e N’ N——

k rules Kk rules k rules

where k € N, r,? is the first rule of the form gx — g;, for some g € Q,
x e€xX* and -
(r. it enR

forall0 <j<n.
LIM)={weX* . qw="1 fecF}.
The family of languages accepted by n-first-SFAs is denoted W,.
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
Consider a 1-first-SFA

M= ({s,t f} {a b}, o st {f},{(1,3)})

with § containing rules

@ 1.sa— s @ 3.tb—f
@ 2sa—t @4fb—f
a b

000
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b}, {1,2,3,4}, st {f},{(1,3)})

lala|b|b]| |Firstrule after the next turn:]|

Da b

saabb
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example

M= ({s,t,f},{a b}, {1,2,3,4},s,t,{f},{(1,3)})

lala|b|b| |Firstrule after the next turn: 3

O

a

b

a0

saabb = sabb [1]
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b}, {1,2,3,4}, st {f},{(1,3)})

lala|b|b| |Firstrule after the next turn: 3

Da b

Ssaabb = sabb [1] = tbb [2]
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
M= ({s,t, f},{a b},{1,2,3,4},s,t,{f},{(1,3)})
] a | a | b | b\ ] First rule after the next turn:\
O 4 b

saabb = sabb [1] = tbb [2] = b [3]
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},{1,2,3,4},s,t,{f},{(1,3)})
] a | a | b | b\ ] First rule after the next turn:\
U a b

saabb = sabb [1] = tbb [2] = fb [3] = f [4]
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PRLG vs. first-SFA First-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},{1,2,3,4},s,t,{f},{(1,3)})
] a | a | b | b\ ] First rule after the next turn:\
U a b

2OmOan
saabb = sabb [1] = tbb [2] = fb [3] = f [4]
LM)={a"b":n>1} € CF — REG.
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PRLG vs. first-SFA Results

Lemma
Let G be a 3-PRLG. There is a 2-first-SFA M such that L(G) = L(M).

Proof idea.

S
I
X Y124
I
x1 Xay1 Yoz1 22
I

X1 XoY1YoZ122
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Results
Problem

Grammar

S — ABC | DBE € P and
S — ABE ¢ P. Then M has

4
transitions ()
@ 1.0 — A
@ 29— B (? t' (?
Xq n 2
@ 3q —C
@ 4.q0— D I! I! I!
5. E ® @ O

and the relation
R=1{(1,2),(2,3),(4,2),(2,5),...}
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Results
Problem

Grammar

S — ABC | DBE € P and
S — ABE ¢ P. Then M has
transitions

e1.g—A
@ 29— B
@3qgp—C
@ 4.q0— D

4 5QQ—>E

and the relation
R=1{(1,2),(2,3),(4,2),(2,5),...}
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Results
Problem — solution

Lemma

Let G be an n-PRLG. There is an equivalent n-PRLG G’ such that

Q@ ifS— X;...Xn, then X; does not occur on the right-hand side of
anyrule,1 <i<n;

Q ifS— a,S— panda # f, then alph(a) N alph(3) = 0.

Proof.

S — ABC, S — DBE € P and alph(ABC) N alph(DBE) = {B}.
Replace them by
S = A,B,C/, S . DNBHE”,

A—-AB —-BC—-CD —-DB'—BE'"—E.
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Results
No Problem

Grammar
S— ABC'|D'B"E" € P. Then
M has transitions

@ 1.q0 — A @

0 2.9 — B

@ 3.0 — (04 0 @ ¢
X1 n 2

0 4.q— D

@ 5q9;— B I! I! I!

0 6.qp — E” @ @ @

and the relation
R=1{(1,2),(2,3),(4,5),(56),...}
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PRLG vs. first-SFA Results
Lemma

Let M be an 2-first-SFA. There is an 3-PRLG G s. t. L(G) = L(M).

Proof idea.
Let u = (qoxo — 1), (q1X1 — Q2), (G2X2 — qt),

(rnyr — ), (Ry: — q),
(gizo — s1), (8121 — S2), (8222 — Q).

be an acceptance of xgxyXo o V1Y22021222> in M. Then,

S = [qoX0, 91,0, gi] [9iz0, 51,2, gy]
= Xo[q4,0, qtlyolri, 1, Gl 20[S1, 2, ]
= XoX1[q2,0, Gt]yoy1[re, 1, Qil2021[S2, 2, G5,
= XoX1X2[qt, 0, Qelyoy1 ¥2[ai, 1, il 2021 2[5, 2, Gf]
= XoX1X2YoY1Y2202122
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PRLG vs. first-SFA Results
Lemma

Let M be an 2-first-SFA. There is an 3-PRLG G s. t. L(G) = L(M).

Proof idea.

Let = (GoXo — q1), (G1x1 — Q2), (GaX2 — qt),
(QtYo — 1), (Y2 — qi),
(izo — $1), (8121 — S2),(S222 — q).

be an acceptance of xgxyXo o V1Y22021222> in M. Then,
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PRLG vs. first-SFA Results
Lemma

Let M be an 2-first-SFA. There is an 3-PRLG G s. t. L(G) = L(M).

Proof idea.

Let 1 = (QoXo — q1), (g1 X1 — Q2),(qeXx2 — q1),
(atyo — 1), (rnys — r2), )
(gizo — $1), (8121 — 82), (5222 — ).

be an acceptance of xgxyXo o V1Y22021222> in M. Then,
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PRLG vs. first-SFA Results
Lemma

Let M be an 2-first-SFA. There is an 3-PRLG G s. t. L(G) = L(M).

Proof idea.

Let u = (qoXo — 1), (q1X1 — Q2), (G2X2 — Qq1),
(QtYo — 1), (nyr — r2), (ry: — qi),
(gizo — $1), (8121 — 82), (5222 — qf).

be an acceptance of xgxyXo Vo V1Y22021222> in M. Then,

S= [qOX07 a1, Oa ql‘][quOa ry, 1 ) CII][CIIZO7 Sq, 25 CIf]
= Xo[q41,0, qtlyolri, 1, Gil20[S1, 2, 7]
= XoX1[q2,0, Gt]yoy1[re, 1, Qil2021[S2, 2, G5,
= XoX1X2(9:. 0, qilyoy1y2 202122[9r, 2, g1
= XoX1X2YoY1Y2202122
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PRLG vs. first-SFA Results

PRLG vs. first-SFA

Equivalence

Lemma

Let G be an n-PRLG. There is an (n — 1)-first-SFA M such that
L(G) = L(M).

Lemma

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G such that
L(G) = L(M).

Foralln> 0, W, = Rn.1.
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PRLG vs. first-SFA Results

Q@ REG=WycWyc W, C---C CS.

Q@ W, c CF.

Q W, & CF.

Q CF ¢ W, foranyn> 0.

@ Foralln> 0, W, is closed under union, finite substitution,
homomorphism, intersection with a regular language and right
quotient with a regular language.

Q Foralln>1, W, is not closed under intersection,complement and
inverse homomorphism.
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RLSMG vs. all-SFA

RLSMG vs. all-SFA
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Right-Linear Simple Matrix Grammar
n-Right-Linear Simple Matrix Grammar (n-RLSMG)

Definition

An n-RLSMG, is an (n+ 3)-tuple

G=(Ny,...,Ny, T,S,P),

where
@ N; are mutually disjoint nonterminal alphabets, 1 < i < n,
@ T is a terminal alphabet,
] S€N1 U---UNp,
@ P contains three kinds of matrix rules:

Q [S— Xi... X)) Xie N, 1<i<n,
°[X1—>W1Y1a-~-axn_>WnYn] WIET*y)(H\/IENIl-lSISny
Q Xi —w,..., Xy — wy Xie Nywe T, 1<i<n.
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Right-Linear Simple Matrix Grammar
n-Right-Linear Simple Matrix Grammar (n-RLSMG)
Derivation Step
Forx,y € (NUTU{S})*,

X=Y

if and only if
@ either x =Sand [S — y] € P,
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Right-Linear Simple Matrix Grammar
n-Right-Linear Simple Matrix Grammar (n-RLSMG)

Derivation Step

Forx,y € (NUTU{S})*,
X=Yy
if and only if
@ either x =Sand [S — y] € P,
Q x =y XiyoXo ... ynXn
ool |
Y=Y1X1Y2Xa...YnXn
Vi € T*,X,'E T*NUT*,X/EN/,1 <ij<n,
[X1 —>X1,...,Xn—>Xn]EP.
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Right-Linear Simple Matrix Grammar
n-Right-Linear Simple Matrix Grammar (n-RLSMG)

Derivation Step

Forx,y € (NUTU{S})*,
X=Yy
if and only if
@ either x =Sand [S — y] € P,
Q x =y XiyoXo ... ynXn
ool |
Y=Y1X1Y2Xa...YnXn
Vi € T*,X,'E T*NUT*,X/EN/,1 <ij<n,
[X1 —>X1,...,Xn—>Xn]EP.

L(G)={we T*: S =" w}, =7 is defined as usual.

Rim = {£(G) : Gis an n-RLSMG}.
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n-RLSMG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

® [S— AB]

° [A— aA B — aB]

@ [A— bA, B — bB]

@ [A—¢e,B—¢]
Consider a derivation in G:

S
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n-RLSMG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

° [S— AB]

° [A— aA B — aB]

@ [A— bA, B — bB]

@ [A—¢,B— ¢l
Consider a derivation in G:
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n-RLSMG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

° [S— AB]

° [A— aA B — aB]

@ [A— bA, B — bB]

@ [A—¢e,B—¢]
Consider a derivation in G:

S = AB = aAaB = abAabB = abaAabaB = abaaba
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n-RLSMG

Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

° [S— AB]

° [A— aA B — aB]

@ [A— bA, B — bB]

@ [A—¢e,B—¢]
Consider a derivation in G:

L(G)={ww:we{ab}"}
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All-Move Self-Regulating Finite Automaton
n-turn All-Move Self-Regulating Finite Automaton

Definition

An n-all-SFA, n > 0, M, is a 7-tuple

M = (Qv zv 57 QO7 qt? F7 R)’

M is an n-first-SFA, and M accepts w if there is gow =* f[u], f € F, s.t.

0 0 1 1 n n
——
k rules kK rules k rules

and -
(. enR

forall1 <i<k,0<j<n.
The family of languages accepted by n-all-SFAs is denoted S,,.
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
Consider a 1-all-SFA

M= ({s,t f} {a b}, i st {f},{(1,4),(25),(3,6)})

with § containing rules

@ 1.sa— s @ 4ta—t

@ 2sb— s @ 5ith—t

@ 3.s—t @ 6.t—f
ab ab

~( (1)
—

Self-Regulating Finite Automata 23/29



RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example

M= ({s,t,f},{a b}, st {f}, {(1,4),(25),(3,6)})

Emﬂm Rules after the next turn:

sabab

I

a,b

a,b

- 0 - @
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example

M= ({s,t,f},{a b}, st {f}, {(1,4),(25),(3,6)})

Emﬂm Rules after the next turn: 4

[0 ab

a,b

- 0 - @

sabab =- sbab [1]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn: 4,5

/

0 ab a,b
()

sabab = sbab [1] = sab [2]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn: 4,5,6

/

[0 ab ab
-0

sabab = sbab [1] = sab [2] = tab [3]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn: 4,5,6

o

[ ab ab
-0

sabab = sbab [1] = sab [2] = tab [3] = tb [4]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn: 6

(1 ab a,b
@

sabab = sbab [1] = sab [2] = tab [3] = tb [4] = t [5]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn:

(1 ab a,b
~( D

sabab = sbab [1] = sab [2] = tab [3] = tb [4] = t [5] = f [6]
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RLSMG vs. all-SFA All-Move Self-Regulating Finite Automaton

Example
M= ({s,t,f},{a b},d, st {f}, {(1,4),(2,5),(3,6)})

Emﬂm Rules after the next turn:

(1 ab a,b
~( D

sabab =- sbab [1] = sab [2] = tab [3] = tb [4] = t [5] = f [6]
LM)={ww :we {ab}*} € CS— CF.
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RLSMG vs. all-SFA

Equivalence

Lemma

Let G be an n-RLSMG. There is an (n — 1)-all-SFA M such that
L(G) = L(M).

Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G such that
L(G) = L(M).

Foralln >0, Sp = Rjpyq)-
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RLSMG vs. all-SFA Results

Q@ REG=S5,Cc S cS c---cCS.
Q S; ¢ CF.
Q CF¢ S, forn>0.

©Q Foralln> 0, S, is closed under union, finite substitution,
homomorphism, intersection with a regular language, right
quotient with a regular language and inverse homomorphism.

@ Foralln>0, S, is full trio.
Q Foralln> 1, S, is not closed under intersection and complement.
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Comparison

Q@ W, =S, = REG.

Q Foralln>0, W,cC S,.

Q W, ZS,_1,n>1.

Q S, —W+#0,n>1, where W = J,_, Wp.
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Comparison
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all-SPDA

L(0-all-SPDA) = CF.

L(1-all-SPDA) = RE.
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