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]
Random Parallel Deletion

Definition

L,K C T* two languages

[J_,L, K] = {U1 Uo...Unlpq € T* : uyxq Uo ... UnXplUpyq € L,
xeK,1<i<nn>1}

@ [L,{abababa},{aba}] = {baba,...}

@ [L,{abababa},{aba}| = {baba, abba, ...}

@ [L,{abababa},{aba}| = {baba, abba, abab, . ..}
@ [L,{abababa},{aba}| = {baba, abba, abab, b}
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Parallel Deletion

L, K C T* two languages

[La, L,K] ={ujuz...Uplpiq € T* i UgXqUs . .. UnXpUpyy € L,
X € K {u}n TH(K —{e})T* =0,
1<i<n+1,1<j<nn>1}

@ [L,, {aabababaa},{aba}] = {aba,...}
@ [L, {aabababaa},{aba}| = {aba, aabbaa}
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|
Sequential Deletion

Definition

L, K C T* two languages

[L1,L,K] ={uiuo € T* : uyxuz € L, x € K}

@ [L4,{abababa},{aba}] = {baba, ...}

@ [L4,{abababa},{aba}] = {baba, abba, ...}
@ [L4,{abababa},{aba}] = {baba, abba, abab}
® [L1,{aba},{aba}] = {c}

@ [Lq,{ab},{aba}] =0
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|
Scattered Sequential Deletion

Definition

L,K C T* two languages

[J_1S, L, K] = {U1 Uo...Uplpq € Ty xqus... UnXnlUpyq € L,

XiXo... Xn € K, n>1}.

@ [L4s, {adbcea},{ab, ca}] = {dcea,...}
@ [Lqs, {adbcea}, {ab, ca}| = {dcea, adbe}
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|
Multiple Scattered Sequential Deletion

Definition

L,K C T* two languages

[Ls, L, K] ={uiUs...Upups1 € T* : U1 XqUz ... UpXpUpiq € L,

XiXo...Xp € KT, n> 1}

@ [L4s, {adbcea},{ab, ca}] = {dcea,...}
@ [Lqs, {adbcea}, {ab,ca}| = {dcea, adbe, ...}
@ [L4s, {adbcea},{ab, ca}| = {dcea, adbe, de}
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|
Family of Languages

LIN = family of linear languages

X is a family of languages

Definition

(z,LIN,X) = {[z,LLK] : Le LIN, K € X}

VAS {J—7 J—au J—1 9 J—137 J—S}

Regular deletion signifies X = REG.

Linear deletion signifies X = LIN.
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Main Results Regular Deletion

Regular Deletion
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Regular Deletion
First Main Result

First Main Result
Linear Languages are closed under Operations of Regular Deletion.

(z,LIN,REG) = LIN  ze{L,1q, 15 L La}
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Regular Deletion
First Main Result

First Main Result
Linear Languages are closed under Operations of Regular Deletion.

(z,LIN,REG) = LIN  ze{L,1q, 15 L La}

L € LIN, then L = [z, L, {c}] € (z, LIN, REG).
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Proof Idea — Random Parallel Deletion

Le LIN, K € REG.
o L=L(GL), GL = (N, T.,P.,S;) is a proper linear grammar
@ K = L(Gk), Gk = (Nk, Tk, Pk, Sk) is a regular grammar such
that Sk does not occur on the right-hand side of any rule

Construct linear grammar G = (N, T;, P, S), where
e N={S,(x,B,y,X,Y): x,ye T, Be NNu{e}, X,Y €
Nk U {e}, |x|,|y| < max{|u|,|v|: A— uBv € P.}},

@ P contains rules of the following forms
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Proof Idea — Random Parallel Deletion

Q S— (e, S,¢ 8k,¢)
Q (A, XY= (x,By, X, Y)ifA— xBy € P,
Q X e {Sk e}
a) (ax,A,yb,Sk,Y) — a(x,A,yb,Sk,Y)
b) (ax,Ayb,e,Y) — a(x,A yb,e, Y)
c) (ax,A yb,e,Y) — (ax,A,yb, Sk, Y)
Q Y {Ske}
a) (ax,Ayb, X, e) — (ax, Ay, X,e) b
b) (ax,A,yb, X, Sk) — (ax,A,y, X, Sk) b
c) (ax,A,yb, X, Sk) — (ax, A, yb, X,e)
Q (ax,Ayb, X, Y)— (x,A yb,V,Y)if X — aV € Pk, V € Nx U {e}
Q (ax, A yb, X, Y) — (ax, Ay, X, V) if V — bY € Pk, V € Nk
o <E?€767X’X> v 6
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Main Results Regular Deletion

Example

Example

@ S, — abcdef

S=

Used rule:

o SK—>a
9 SK—>CD
Q@ D—dE
Q E—e
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Main Results Regular Deletion

Example

@ S, — abcdef Q@ Sk—a
9 SK —cD
Q@ D—dE
Q E—e

S=(e,5,¢, Sk, e)

Used rule:
1) S — (g, S,¢, Sk, €)
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Main Results Regular Deletion

Example

Q@ S, — abcdef Q Sk—a
Q SK — cD
©Q D— dE
Q E—e

S=(g,5,¢,Sk,¢e) = (abc, ¢, def, Sk, €)

Used rule:
2) (,Ae, X, Y)— (x,B,y, X, Y)if A— xBy € P,
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Main Results Regular Deletion

Example
@ S, — abcdef Q@ Sk—a
Q SK — cD
Q@ D— dE
Q E—e
S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e)
Used rule:
5) (ax, A, yb, X, Y) — (x,A,yb,V,Y)if X — aV € Pk, V € N*
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Main Results Regular Deletion

Example
@ S, — abcdef Q@ Sk—a
Q SK — cD
Q@ D— dE
Q E—e
S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e) = b(c,¢, def,¢e,e)
Used rule:
3b) (ax,A,yb,e,Y) — a(x,A yb,e,Y)
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Main Results Regular Deletion

Example
@ S, — abcdef Q@ Sk—a
Q SK — cD
Q@ D— dE
Q E—e
S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e) = b(c,¢,def, e, e) =
b{c,e,def, Sk,¢)
Used rule:
3c) (ax, A, yb,e,Y) — (ax, A, yb, Sk, Y)
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Main Results Regular Deletion

Example
@ S, — abcdef Q@ Sk—a
e SK — cD
©Q D— dE
Q E—e
S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e) = b(c,¢,def,¢e,e) =
b(c,e,def, Sk,e) = b(e, e, def,D,e)
Used rule:
5) (ax,A,yb, X, Y) — (x,A,yb, V. Y)if X — aV € Pk, V € N*
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Main Results Regular Deletion

Example

@ S, — abcdef Q@ Sk—a
9 SK —cD
Q@ D—dE
Q E—e

S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e) = b(c,¢,def,¢e,e) =
b(c,e,def,Sk,e) = b(e,e,def,D,e) =

b(e,e, de,D,e)f

Used rule:
4a) (ax,A,yb,X,e) — (ax,A,y,X,e) b
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Main Results Regular Deletion

Example

@ S, — abcdef Q@ Sk—a
9 SK —cD
Q@ D—dE
Q E—c¢

S=(e,5,¢, Sk, e) = (abc, e, def, Sk, &) =
(bc, e, def, e, e) = b(c,¢,def,¢e,e) =
b(c,e,def,Sk,e) = b(e,e,def,D,e) =

b(e,e,de,D,e)f = ble,e,d,D,E)f

Used rule:
6) (ax, A, yb,X,Y) — (ax, Ay, X, V) if V- bY € Px, V € Nk
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Main Results Regular Deletion

Example

@ S, — abcdef Q@ Sk—a
9 SK —cD
Q@ D— dE
Q E—e

S=(e,5,¢, Sk, e) = (abc, e, def, Sk, )
(bc, e, def, e, e) = b(c,¢,def,¢e,e)
b(c,e,def, Sk,e) = b(e, e, def,D,e)
b(e,e,de,D,e)f = ble,e,d,DE)f
b(e,e,e,D,D)f

Used rule:
6) (ax, A, yb,X,Y) — (ax, Ay, X, V) if V- bY € Px, V € Nk
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Main Results Regular Deletion

Example

@ S, — abcdef Q@ Sk—a
9 SK —cD
Q@ D—dE
Q E—e

S=(e,5,¢, Sk, e) = (abc, e, def, Sk, )
(bc, e, def, e, e) = b(c,¢,def,¢e,e)
b(c,e,def, Sk,e) = b(e, e, def,D,e)
b(e,e,de,D,e)f = b(e,e,d,DE)f
ble,e,e,D,D)f = bf

Used rule:
7) (e,e,e, X, X) — ¢
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Main Results Linear Deletion

Linear Deletion
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(Random) Parallel Deletion, Sequential Deletion

Second Main Result
Linear Languages are not closed under Operations of Linear Deletion.

(z,LIN,LINy = RE ~ ze{L,Lla 14}
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(Random) Parallel Deletion, Sequential Deletion

Second Main Result
Linear Languages are not closed under Operations of Linear Deletion.

(z,LIN,LINy = RE ~ ze{L,Lla 14}

It is not hard to construct a Turing machine accepting (z, LIN, LIN),
ze{l, 1a 14}
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Extenden Post Correspondence

@ Suppose Le RE,LC T*, T ={ay,...,an}

@ Extended Post Correspondence (EPC)
P = ({(U1, V1)’ SO} (uﬁ VI’)}’ (231 PR 7Zan))! Ui, Vi, Z3 € {O, 1}*

@ L(P)={x1X2...xp € T*:35q,...,8€{1,...,r}, 1 >1,
Vs, ...V, = Us, ...UsZx ... 2x,}

@ Forevery L € RE, there is an EPC, P, such that L(P) = L
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String Generation

Generate x1 x> . .. x, as follows:

S/
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String Generation

Generate x1 x> . .. x, as follows:

S'= $S
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S= $z5x,
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String Generation

Generate x1 x> . .. x, as follows:

S = $S=$205x, = $2[z8 Sx,_1x
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp

R ,R R
=*$z0z) ...z 5X1 .. Xn_1Xp
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R SR R
=*$z0z) ...z 8X1 .. Xp_1Xp

R ,R R
=*$202zy ... Zg ASXy ... Xn_1Xn
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R SR R
=*$z0z) ...z 8X1 .. Xp_1Xp
« ¢ R SR R
=*8$zy 2, ... Z AKX Xn_1Xp
* R R
=*$z; 2,

R,R
e 2 Ug AV 8Xq . Xn_1Xn
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R R R
=*$z0z) ...z 8X1 .. Xp_1Xp
« ¢ ,R R R
=*8$zy 2, ... Z AKX Xn_1Xp

R ,R R,R
=*$zy 20 ... ZUGAVSXT . Xn_ 1 Xn

* ¢ ,R R R R R
=*8$zy 2, ... ZJUG UG H Vs, Ve SXe L X1 Xn
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R R R
=*$z0z) ...z 8X1 .. Xp_1Xp
« ¢ ,R R R
=*8$zy 2, ... Z AKX Xn_1Xp

R ,R R,R
=*$zy 20 ... ZUGAVSXT . Xn_ 1 Xn

R R R R R
=*8$zy 20 ... ZUG UG H Vs, - Ve SXe L X1 Xn

= $(Us, ... UsZx - Zx,) T #(Vs, ... Vs)$Xy ... Xn
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R R R
=*$z0z) ...z 8X1 .. Xp_1Xp
« ¢ ,R R R
=*8$zy 2, ... Z AKX Xn_1Xp

R ,R R,R
=*$zy 20 ... ZUGAVSXT . Xn_ 1 Xn

R R R R R
=*8$zy 20 ... ZUG UG H Vs, - Ve SXe L X1 Xn

= $(Us, ... UsZx - Zx,) T #(Vs, ... Vs)$Xy ... Xn

= SwWiH#WSx1x2. .. Xp
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String Generation

Generate x1 x> . .. x, as follows:

S' = $S=$205x, = $2[ 28 Sxp_1xp
« ¢ R SR R
=*$z0z) ...z 8X1 .. Xp_1Xp
« ¢ R SR R
=*8$zy 2, ... Z AKX Xn_1Xp
* R R
=*$z; 2,

R,R
e Zg Ug AV 8Xq . Xn_1Xn

=820z,

R R R
o ZpUg . USH Vs, . Vs SXy L X1 Xn

= $(Us, ... UsZx - Zx,) T #(Vs, ... Vs)$Xy ... Xn

= SwWiH#WSx1x2. .. Xp

and xixo...xp € L= L(P) iff wy = wy,

$,#¢TuU{0,1}
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(Random) Parallel Deletion, Sequential Deletion

Denote the linear grammar generating previous language by G, i.e.

L(G) = {Swi#waSx1 ... X0 : Wy, w2 € {0,1}", x; € T}
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(Random) Parallel Deletion, Sequential Deletion

Denote the linear grammar generating previous language by G, i.e.

L(G) = {Swi#waSx1 ... X0 : Wy, w2 € {0,1}", x; € T}

In addition, there is a linear grammar G’ such that

L(G) = {$wh#wS : we {0,1}}
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(Random) Parallel Deletion, Sequential Deletion

Denote the linear grammar generating previous language by G, i.e.

L(G) = {Swi#waSx1 ... X0 : Wy, w2 € {0,1}", x; € T}

In addition, there is a linear grammar G’ such that
L(G) = {$wl#w$ : w e {0,1}*}

Thus,
L=[z L(G), L(G)],

ze{l,La Ly} O
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(Multiple) Scattered Sequential Deletion

(z,LIN,LINy ¢ REC  z € {lqs, L}

@ Lc RE,LC T*, Tn{0,1} = 0.

@ The proof follows from the previous theorem since
L=1[z,L(G),L(G)] N T
o L(G) = {SWi#wWoSx1 ... Xy wy,wo € {0,1}%, X, € T}
o L(G) = {$wh#wS: we {0,1}*}

o If [z, £L(G), L(G)] is recursive, then so is L.
@ For L € RE — REC language [z, L(G), L(G')] is not recursive.
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Summary

@ Linear Languages are closed under Operations of Regular
Deletion.

@ Linear Languages are not closed under Operations of Linear
Deletion.

@ Here we summarize two open problems:
@ Isittrue that (Lys, LIN, LIN) = RE?

Q@ Isittrue that (L, LIN, LIN) = RE?

Closure Properties of Linear Languages under Operations of Linear Deletion 19/19



	Main Results
	Regular Deletion
	Linear Deletion

	Summary

