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Contextual Grammar without Choice

Contextual Grammar without Choice, G =

T is a finite alphabet
P is a finite subset of T* x T%*, called contexts

S is a finite language over T

External Derivation Step

x = y iff y = uxv, for a context (u,v) € P

Generated Language

L(G)={z : s =" z, forany s € S}

Generative Power

Lec = Ly, (languages described by linear grammars with 1 nonterminal)
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Contextual Grammar without Choice — Example

Example

Gec = ({a,b},{(a, b)}, {e})
Guny, = ({S},{a, b}, {S — aSb,S — €}, S)

€ = ab = aabb = aaabbb in Ggc
S = aSb = aaSbb = aaaSbbb in Gy,

L(GE(:) = L(GLINl) = {a”b” n> 0}

0 Bidirectional Contextual Grammars 3/22



Bidirectional Contextual Grammar

Bidirectional ([1]) Contextual Grammar, G =

T is a finite alphabet, $ is a special symbol, $ ¢ T
Py, P, are finite subsets of (T U {$})* x (T U {$})*
S is a finite language over T U {$}

Computation Step

derivation x 4= y iff y = uxv, for a context (u,v) € Py

reduction y .= x iff y = uxv, for a context (u,v) € P,

computation x = y iff x y= yor x ;= y
$-Bounded Language (see [5
sL(G)={z :s="%28in G,z T*,s€ S}




Main Result

Successful Computation

Every computation of the form s =* $z$, s € S,z € T* is said to be
successful.

Every computation of the form

Xdq=> Y = ZOrX /= Y 4= Z,

x,y,z € (T U{$})* is called turn. G is i-turn if every successful
computation in G contains at most / turns.

Theorem

Let L be a recursively enumerable language. Then, there exists a one-turn
bidirectional contextual grammar, G, such that L = ¢L(G).
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Queue Grammar (QG)

m we represent the recursively enumerable language by a queue grammar

Queue Grammar G = (V, T,W,F s, P)

V is a finite alphabet of symbols
T is a set of terminals, T C V
W is a finite alphabet of states
F is a set of final states, F Cc W
s is a starting string, s € (V — T)(W — F)
P is a finite set of productions of the form: (a, b, x, c)
aeV
be(W-—F)
x € V*
ceWw
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Queue Grammar — Derivation Step

Derivation Step

If u=arb,v=rxc,aeV,r,xe V* bce W, and (a,b,x,c) € P,
then u = v [(a, b, x, ¢)].

Generated Language

L(G)={w : :s=*wf,we T* fefF}

Generative Power (see [2

Lqoc = Lre

Lemma

For every QG there exists an equivalent QG which generates every string
so that it first uses only productions rewriting symbols over (V — T)*, and
then only symbols over T* (proof, see [3]).
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Queue Grammar — Example

Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

A€ = bAae [1] = Aabe [4] = abbAag [1] = bbAaae [3] = bAaabe [4]
= Aaabbe [4] = aabbf [2]

L(G1) ={a"b" : n> 0}
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Proof Sketch

represent the recursively enumerable language by a QG
simulate any derivation in the QG by a bidirectional contextual
grammar using derivation steps (in the reverse order)
simulate the last derivation step in the QG by a string from S in the
contextual grammar

simulate generation of words from T
simulate generation of words from (V — T)*

simulate the starting string of the QG
verify the simulation by reduction steps
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QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P1={1:(A g, bAa,e)
2: (A 8¢, f),
3:(a,&,a,e),
4:(b,e,b,e)}

Queue A

States e

Productions
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States
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QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P ={

Queue a b b A a
States

Productions

&~ o o

0 Bidirectional Contextual Grammars 10 / 22



QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P ={

Queue
States
Productions

&~ o o
= o N
w o L
ol o
o

>

L

L

0 Bidirectional Contextual Grammars 10 / 22



QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P ={

Queue
States
Productions

&~ ol o
= o N
W ol o
&~ ol o
ol o
>

L

[\Y)

o

0 Bidirectional Contextual Grammars 10 / 22



QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P ={

Queue
States
Productions

&~ ol o
= o N
W ol o
&~ ol o
B ol o
o X
L

[\Y)

o

o

0 Bidirectional Contextual Grammars 10 / 22



QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P1={1:(A g, bAa,e)

2: (A& e, l_‘),

3:(a,&,a,e),

4 . (b, e, b, é)}
Queue A b A a b b A a a b b
States ¢ @ e e e e @& f
Productions 1 4 1 3 4 4 2
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QG Simulation — Example

G1 = ({A, a, b}, {a, b}, {8, f}, {f}, Ae, P1)

P1={1:(A g, bAa,e)
2: (A 8¢, f),
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QG Simulation by Bidirectional Contextual Grammar

Simulation of QG

m expand the queue on the left-hand side of the sentential form

check the states on the right-hand side of the sentential form

terminals — a
productions based on queue — b

productions based on states — ¢

simulated productions — d

Sentential Form before the Turn

$b,...$b2%b1%a1a0 ... 3,5c195d1$$c2$5d2%% ... c,$%5d,$%
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Construction |

m Q= (V,T,W,F,s,R) such that L(Q) =L

m o€ T —any symbol from T

m « — injective homomorphism from R to {o}*

m f(¢) =cand f(a) ={a((a,b,c1...cn,d)) : (a,b,c1...cn,d) € R}
forallaec V

m g(b) ={a((a,b,c1...cn,d)) : (a,b,c1...cn,d) € R} forall be W

Constructed Bidirectional Contextual Grammar

G=(TU{$},PsUP.S)

Simulation of the Last Step in QG

S={ca...c,%a((a,b,c1...¢cn,d)) : (a,b,c1...¢n,d) €ER,
Cly...,cp € T for some n >0,d € F}
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Construction I

Simulation of QG's Productions over T+

For every (a,b,fl...cn,d) €R, c1,...,cn €T, for some n > 0,
de(W-F), de g(d), add

(Cl ...Cp, $$H$$OK((3, bv C1...Cp, d)))

to Py.

Simulation of QG's Productions over (V — T)*

For every (a,b,c1...cpd) €R, c1,...,cp €(V — T), for some n > 0,
de(W—F), ¢ €f(a),...,cn € f(cn), d € g(d), add

(c19c2$...¢,$,9$%d%%a((a, b, c1 . . . cn, d)))
to Py.
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Construction |l

Simulation of QG's Starting String

For every ap € f(ao),qo € f(qo) such that s = apqop, add
($30%, $$9,%9%)

to Py.

Verification of the Simulation

For every r € R, add
(Sa(r), a(r)$%a(r)$9)

to P,.
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S ~c...cp¥a((a, b,cr...cpd))
1Py = (c1...cn, $8d%%a((a, b, c1 ... cp d)))
2Py =~ (€1$62%...¢,8,$%d$%a((a, b, ¢y ... cn, d)))
3Py ~ ($308%, $%G,%9)

P, ~ ($a(r),a(r)$$a(r)$$)

ms¢gl(G) foranyse S

m no production from 1Py U 2Py U 3Py is applied in the very last
computation step

Therefore, the computation has the form
s =T v [
=T ow 7]

m p denotes productions from 1Py U 2Py U 3Py U P,
m 7 denotes productions from P,
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Proof Il

P, =~ ($a(r), a(r)$$a(r)$$)

Incorrect Forms of v

[ ] $pn71 ... $p1$W$p1$$p1$$ . pn_1$$Pn—1$$pn$$pn$$
=" 5 ¢ 5L(G)

mSp, 0. . 5p1SwSp1$%p1%% ... pr_19%p,_1%%p,$%p, 5%
=% $$p199% ¢ sL(G)

mSp,.. . Sp1SwSp1$8p19% ... pr 1990, 1959
=" Sp1$w$ ¢ sL(G)

Correct Form of v
$p.%pn_1...9p15wWwSp195p19% ... pr_19%p,_15%p,$%p, 5%
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Proof Il

S~cq...cpda((a,b,c1...cnd))
1Py =~ ( . Cp, $$g$$a((a, b,ci...cp, d)))
2Py = (C1$C2$ . Cn$, $$g$$a((a7 b,cy...cn, d)))
3Py =~ (3309, $$G,%9%)

P, = ($a(r), a(r)$$a(r)$$)

m p, € P, cannot be used after 1Py U Py
m p, € P, can be used after p3 € 3P4

Therefore, the computation has the form

S d=>* u [51]
=t [p3]
=" v [&]
=T

m &1 is a sequence of productions from 1Py U 2Py
m & is a sequence of productions from 1Py U 2Py U 3Py U P,
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Proof IV

S ~c...cp¥a((a, b,cr...cpd))
1Py =~ (c1...cn,$8d%%a((a, b, c1 ... cp, d)))
2Py ~ (c19¢28...¢,$,38d%%a((a, b, c1 ... cn, d)))
3Py ~ (3309, $$G,%9)

P, ~ ($a(r), a(r)$$a(r)$$)

The Form of u»

$pmSpm—1...5p1SwSp1$5p1%% ... pr_1$%pn_19%p.$5p,$$

m after any application of p, € P,, $ is at the end of the sentential form

m p, followed by py € 1Py U 2Py U 3P4 leads to $$$ which blocks the
computation

m after p3s € 3P, only p, € P, can be used
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We obtain every successful computation in the form

s ="y [
=" u  [(]
d= v [p3]

=" w )]

m ) is a sequence of productions from 1Py
m ( is a sequence of productions from 2Py
mp3€3Py

m 7 is a sequence of productions from P,
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m by the introduction of
m reducing productions and
m $-bounded language,
we greatly increase the power of contextual grammars

LIN |CF | CS |RE = BCG

Further Investigation

m bidirectional contextual automata (machines)
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