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#-Rewriting System in
Formal Language Theory

e Language-defining models
e Pure rewriting system

e Betweenautomata and grammars:
have states but generate langue
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#-Rewriting Systens based on the rules of the form

p.# - Q
by which the system makes a computational
Step—= as

th #

v
(p, ... #Y B HY ren) =
(Q, ... # Y Vot Yirege--)
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Definition 1/2

#-Rewriting Systent#RYS) Is a quadruple
H=(Q, 2, s, R), where

* Q// finite set ofdstates,

e > // alphabet, # L1 Z Is called aounder,
e s[] QL/ start state,

e R// finite set of rules of the form

p.# - Q

wherep, q O Q, m is a positive integer; 0 2.
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Definition 2/2

Configuration: (g, %), g Q, >

Computational step

(p, u#v) = (g, UXV) [p.# - qx OR],
where the number gfs inuisim -1,

p,qUOQ, u,x,vOZ".

Generated language
LH) ={wOE-%H" (% =" (q,w)inH, gOQ}L
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Example: /RS

#RSH: H generatesaabbcc

l. s # - p##A
.p# - ga#b
.qQ H# > pPHC
l.p# - fab
.. # - fc

OSwN e
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Example: /RS

#RSH: H generatesaabbcc

.S # - pHH (s, #)
.p # - gatb =

.qQ H# > pPHC
l.p# - fab
.. # - fc

OSwN e
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Example: /RS

#RSH: H generatesaabbcc

l.s # - p## (s, )

l.p.# - qatb = [1]
.qQ H# > pPHC
l.p# - fab
.t #-1c

O S W N =
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Example: /RS

#RSH: H generatesaabbcc
1]. s . # - p## (s, #)

2].p # = qatb = (P, ##) [1]

3]. g .# - pHe -

4].p # - fab

5].f # - fc
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

2].p # - gatb = (p, #) [%]

3]. g # - p#C - 2

4].p # - fab

5].f # -5 fc
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Example: /RS

#RSH: H generatesaabbcc
1]. s . # - p## (s, #)
Api-aab | G, B
4].p # - fab

5].f # - fc
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p## (s, #) N

2].p # - qatb = #)

: (0, a#b’) 2]

3] g H S p#C z 3]

4].p # - fab

b5l.f # > fc




14/44

Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

v = (p, ##) 1

2). p# - q &b = (q, atto#) |2
3].q.# - p#Hc — (p, atibtc) [3

4].p # - fab =

b5l.f # > fc
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

| = (p, ##) 1]

:2]. D .# - gatb = (a2

3]. g .# - p#c — (p, a’btic) [3

4].p # > fab = 4]
b5l.f # > fc
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

9] . = (p, ##) 1]

:2:' p ,# — q 8D = (q, attb#)  [2]

3]. 4.7 - pHC — (p, atibtc) [3

4].p # - fab = (f, aabbc) [4

b5l.f # > fc =
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p## (s, #)

' = (p, #) 1]

:2]. D .# - gatb = (a2

3]. g .# - p#c — (p, atibtic) [3

4].p # - fab = (f, aabb’c) [4]

5.f . # - fc = !
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

D] . = (p, #) 1]

:2:' p ,# — q 8D = (q, attbt) [2

3]. 4.7 - pHC — (p, atibtc) [3

4].p # - fab = (f, aabbc) [4

51 f # o fc = (f, aabbcg [5]
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Example: /RS

#RSH: H generatesaabbcc
1]. s # - p##A (s, #)

D] . = (p, #) 1]

:2:' p ,# — q 8#b = (g, attb#)  [2]

3]. 4.7 - pHC — (p, atibtc) [3

4].p # > fab = (f, aabbtc) [4]

5l f # o fc = (f, aabbcg [5]

‘L(H) = {a"p"c": n> 1}\
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Finite index of RS

#-Rewriting systermm of indexKk:
= over configurations witlk or fewer#s
#RS, —the language familgenerated by
#RSs of indexk

Example: Indexk = 2;
1. (p, a#a#b) = (g, aa#aatb) [p# - ga#a O R]

2. (0, attatth) 2 (g, a#taattbb) [p# - gatt# O R
INCORRECT
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Example: RS of finite index

#RSH: H generatesaabbcc
- - :> . 1
:2:. D .# - gatb S (qathy) [2
3]. g # - p#HC = (p, attbic) [3]
4] D #  fab = (f, aabb#c) [4]
353- fF#_ fe = (f, aabbcg [5]

H Is of index 2
L(H) = {anbc: n > 1} LI #RS,
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Main Result: An Infinite Hierarch
‘Theorem: #RS, 1 #RS ., for all k > 1.\

Proof:
makes use of programmed grammiPG) of
iIndexk
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Proof: Programmed Grammats

Programmed Gramma(PG) is a modification of
contex-free grammar based on the rules of the f

A S5 X, W

e . A - XIS a context-free rule labeled by
« \W .0 finite set of rule labels

Derivation step(=):
after the application of rule
a rule from\W. has to be applied
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Proof: Finite index oPG

Programmed grammars iofdex k:
e — over sentential forms witk or fewer
occurrences of nonterminals.

P, — the language familgefined by
programmed grammars of indk
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, 5

2: A - aA, {3}
3: B - bB, {4}
4. C - cC, {2, 5
5. A - a, {6}
6:B - b, {7}

7. C >,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, 5 S

2: A - aA, {3} =

3: B - bB, {4}
4. C - cC, {2, 5
5. A - a, {6}
6:B - b, {7}

7. C >,
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Example:PG

PG G: G generatesaabbcc

1: S - ABC, {2, 5} S

A S aA {3} = [1]
3: B - bB, {4}
4. C - cC, {2, 5
A - a, {6}

6: B - b, {7}

7. C >,
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Example:PG

PG G: G generatesaabbcc

1: S - ABC, {2, S
A S aA {3} = ABC [1]
3: B - bB, {4} =
4. C - cC, {2, 5
A - a, {6}
6: B - b, {7}
/. C > C,
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Example:PG

PG G G generatesaabbcc
1. S - ABC, {2, E S
2: A o aA, {3} = ABC [1]
"B _ bB, {4} = 2]
4:C - ¢C,{2,5 ~
5. A - a, {6}
6: B - b, {7}
7 C >
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, ¢ =
2: A S aA, {3} = ABC  [1]
‘B _ bB, {4} =aAsC - [2]
4:C - cC,{2,5 ~
5: A > a, {6}
6: B - b, {7}
7. C > C,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, 5 S
2: A - aA, {3} =ABC 1
3B - bB,{ } = aABL :2:
' C - ¢C, {2,5 ~ S,
5. A - a, {6}
6:B - b, {7}
7. C >,
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Example:PG

PG G G generatesaabbcc
1: S - ABC, {2, ¢ S
2: A - aA {3} = ABC 1
3. B - bB, {4} z:ﬁﬁg ;:2%;
. C - cC {2, 5 a
5 A - a, {6} -
6: B - b, {7}
7. C - ¢,
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Example:PG

PG G: G generatesaabbcc
1. S - ABC, {2, 5 S
A o aA, {3} = ABC  [1
. = aABC 2]
jj CB: - Eg’ §4} \ — aAbBC [3]
. — y y .4.
A - a, {6 - 2
6: B - b, {7}
7. C >,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, ¢ =
A - aA {3} = ABC 11,
3. B - bB, {4} z:ﬁﬁgc g
4 X - ;C{,é}Z, S = a/\bBcC 4
. — Q, —
6: B - b, {7}
7. C > C,
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Example:PG

PG G: G generatesaabbcc
1. S - ABC, {2, 5 S N
2: A - aA, {3} = ABC 11
3. B - bB, {4} z:ﬁﬁgc g
f_)': 2 - CC{’ {}2’ 3 — aAbBcC [4
: — d, p— 5]
B - b, {7} -
7. C >,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, © S N

2: A - aA, {3} = ABC 1

3: B - bB, {4} z:ﬁﬁgc g
4C-cCi2, 5 — aAbBcC [4

Ol A - E’ §6§ = aabzcC [5

: B — y 7 —
/. C -,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, E > .
2: A — aA, {3} DO
= da A
3: B - bB, {4} . aADBC 3
4: C - cC, {2 5} — aAbBcC 4
5. A - a {6} — aatBcC [5
. C > G,
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, 5 S N
2:A - aA, {3} :AABEfC %
= a 2]
3: B - bB, {4}  AADBC (3
4. C - cC, {2, 5 — aAbBcC [4
5. A - a, {6} — aabBcC [5
6:B - b, {7} = aabbC [6
: C — C, —
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Example:PG

PG G: G generatesaabbcc
1: S - ABC, {2, 5 S -
2: A - aA, {3} e
3B - bB, {4 — aAbBC  [3]
4:C - cC {2, 5 — aAbBcC [4
5. A - a, {6} — aabBcC  [5
6: B - b, {7} — aabb«C [6
/. C > C, = aabbcc [7
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Example:PG

PG G: G generatesaabbcc
1. S - ABC, {2, ¢ S N
oA~ an 3] zaAABE(a:C Z%
3:B - bB, {4} — aAbBC [3
4C-cCiZy | S aapBeC [4
5. A - a, {6} — aabBcC  [5
6: B - b, {7} = aabbC [6]
/. C -, — aabbcc [7

L(G) ={a"v"c": n=1} [P,
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Proof:P, = #RS . k=1

P, L #RS::

Let G be aPG of indexk. Construct é##RSH of
iIndexk, so H simulates derivation step

aAbBc =, ad XYbBc[p: A - {0, 0} =¢ ... [d]
as

(<AB1 >! aﬂ-'b#C) —H (< B! >1a b#C)
[(AB, 1) 1# — (XVB, 0) d#]



HRS,

P,:
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Proof:#RS =P, ., k=1

Let H be a iRS of indexk. Construct PG G of
iIndexk, so G simulates a computational step

(b, a#b#g =, (g, a

b#q) [p# — qarbi]

asS
a(p, 1, 2b(p, 2,2)c

1) Renumbering =g a(q"’, 1,3)b(p, 2,2)c
=¢ a[d"’, 1,3, 3,3)c
—c aad, 1,3)b(d, 2,3)b{d’, 3,3)c

2) Rewriting:
3) Finalization:

=>c ax0
=>c ax0

=>c ax0

, 1,3)
, 1,3)
, 1,3)

(', 2,3, 3,3)C
(q, 2,3)b(d', 3,3)C

(q, 2,3)b{q, 3,3)C
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Proof:#RS O #RS ., k=1

Recall that:
e P UP,,, forallk=1

AsP, = #R3, for all k= 1, we have

Theorem: #RS O #RS 4, for all k = 1.
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Future Investigation

e Determinism
e Unlimited index
e Other variants:
* Right-linear
e Context-sensitive

e Paralle

Reference:

 KFivka, Z., Meduna, A., Schonecker, R.Generation of
_anguages by Rewriting Systems that Resemble Automata,
n: IJFCSVol. 17, No. 5, 2006




