Deep Pushdown Automata
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Pushdown Automaton (PDA

Finite State
Control —
Read-write hea( @ = current state
— . |Readhead
Pushdown: Input tape: !
Al o A TA a; | a a,
—-

move of head
top
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Inspiration

» conversion of CFG to PDA that acts
a general tojplown parser

o If pd top =Input symbol,pop
o If pd top =non-input symbol,expand
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PDA as a general Tepown Parse

e Configuration:
(state, input, pd)
* POp:
(0, ax, aa) = (q, X, a)
e EXxpansion:
(@, x, Aa) & (p. X, fa)
by rulegA - pps

./l Final state

. Acceptance(s, X, S) = (T, & &)
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Deep Pushdown Automata

Fundamental Modification
e expansion may be performdeeper in pc

Standard Expansion Deep Expansion
gA - pX gC - px
x| Al—e A
B — B
b o)
C X 3| C |—
b #

El
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Deep Pushdown Automata

« Same as Top-Down Parser excapép expansions
e EXxpansion of depti:
* thenth topmost non-input pd symbol is replaced
with a string by rule

depth of expansiod

pushdown symbo| pushdown string
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Expansion of Deptm

- EXpansion of dept m:
(Q, W, UAZ) = (p, W, UV2)
by rule of depth m

[ qA - P ]’
whereu contains — 1 nor-input symbol
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Pop: lllustration
Move: (p, aabbcc aAbB#) = (p, abbcc AbB#)

Read hea
Input tape: 1

move of head
—

al a

b

b‘c‘c

Pushdown:

Q.
@)
<+
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Pop: lllustration

Move: (p, aabbcc aAbB#) = (p, abbcc AbB#)
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b
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Pop: lllustration

Move: (p, aabbcc aAbB#) = (p, abbcc AbB#)

Read hea
Input tape: 1 el
‘ a ‘ al|b|b]c ‘ C

Pushdown:

A
b
B

i

‘top‘




9/22

DeepExpansion: lllustration

Move: (p, abbcg AbB#) .= (g, abbcc AbB&#) [2pB - gBc|

move of head
—

Read heal
Input tape: 1
‘ a ‘ al|b

b‘c‘c

top
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DeepExpansion: lllustration
Move: (p, abbcg AbB#) .= (g, abbcc AbB&#) [2pB - gBc|

Input tape:

Readl hear(nove of head
‘ a ‘ a|b|b ‘ C ‘ C

Pushdown:

|:|:|:UJCT3>

top
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DeepExpansion: lllustration

Move: (p, abbcg AbB#) .= (g, abbcc AbB&#) [2pB - gBc|
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Example Deep PDA

DeepPDA M: M acceptsaabbcc
(s, aabbcg SH)
1]. 1sS - gAB = (g, aabbcy AB#)  [1]
203 — (p, aabbcg aAbB#) [2]
;g;' 10A — paAb = (p, abbcg AbB#)
3]. 10A - fab = (0, abbcg AbBc#) [4]
4 2PB - gBc — (f, abbcg abbBa#) [3]
= = (f, bbcg bbBc#)
5]. 1B - fc E=>2 (f. cc. Bek)
— (f, cc, ccH) [5]
— (I, ¢, c#)
— (I, & #)

L(M) ={a"b"c": n=1} 0 PD,
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Definition 1/3

A deep pushdown automatas a #tuple
M=(Q, 2, T,R, s S F), where

e Q — states

> I —Input alphabet

o [ — pushdown alphabgbottom symbao¥ LI [ —>

* R —finite set of rulesf the form

gA — pwW or Mo# — pv#
e s[] Q — start state

e ST — start pushdown symbol
e F 0 Q — final states
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Definition 2/3

« if an input symbol is on pd tofyl popsthe pd as
(0, au, az) ;= (Q, U, 2), adx

* N0 explicit rule needed IR

« if a non-input symbol is on pd top/l expandsthe pdas

(q1 y A ) e:> (p1 y ) [mqﬁ - pV]1
whereu contains’ — 1 noninput symbols
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Definition 3/3

* M is of depthn, denotated byM, if nis the

minimal positive integer such that eacrM’s rules
IS of depthn or less.

» Language accepted M, L(,M), Is defined as

L(M)={wOZX":(s,w, S#H) =" (f, &, #) in M
with f [ F}.
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Main Result and its Proof

* PD, — the language family defined by
DeepPDAs of depth.

Theorem: PD, U0 PD,,,, forall n>1.

Proof (Sketch):

e State grammars (Kasal, 1970) are needed In thd proo
e State grammar ismodification of CFG based

rules of the form

(q1 A) — (p1 )
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Proof 1/6: State Grammar

e State grammar G (V,W, T, P, )

« V —total alphab¢, W — state, T [V — terminals,
* P — set of rules of the forrfy, A) - (p, V)
e S (V-T) - start symbol,

» Configuration — (g, x)

* Derivation step

(q1 A ) — (p5 v ) [(q1 A) - (p1 V)]

and for every nonterminal in u, P contains
no rule with @, B) on the left-hand side
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Proof 2/6:n-limited St

 n-limited derivation step
each derivation step within the fiin nor-terminals

(G, VA7) = (p, UVv7) and

A hasn or fewer norterminals

 n-limited state languag:

L(G, n) = {wlT":(q, S) y= (p. W)}

» ST, —the family ofn-limited state languages
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Proof 3/6: Example

State Grammar G: G generatesaabbcc
[1]. (1, S) - (2, AC)
[2]. (2, A) - (3,aAb) | (1,5 = (2, AC) [1
[3]. (2, A) - (4, ab) = (3,aAbl) [2
[4]. (3,C) - (2,Cc) = (2,a”bCo [4
[5]. (4,C) - (4,c) = (4, aablki_c) [3]
W = {1, 2 3 4} = (4, aabbc«) 5

L(G) = {a"b"c": n=1} I ST,
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Proof 4/6:PD, 1ST,,n=>1

* G simulates the application gfA - qy U R:

 make a left-to-right scan of the pd until ilte
occurence of a non-terminal

o If X = A, then replacé with v and return
to the beginning of the sentential fo

e rightmost symbol is always a speca] and
G completes the simulation by changiadgo a
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Proof 5/6:ST, 1 PD,,n>1

« M simulates th@&-limited derivations ofs in pd:

 always records the first non-terminals
from the current sentential form &fin Its state

 fewer tham non-terminals are extended #y

 reads the string, empties pd, en$ L F
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Proof 6/6:PD, 0 PD,,,,n=>1

1) AsPD, 1 ST,and ST, L1 PD,
forall n=1,ST, =PD.,.

2) Kasal (1970):ST, LI ST _,,, forall n>1.

Foralln=1,PD,=ST, 00ST ,,=PD,,

Q.E.D.
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Open Problem Aresa

e Determinisn
e Rules of formmgA - pe&
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