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Scattered Context Grammar (SCG) 

𝐺 = 𝑉, 𝑇, 𝑃, 𝑆  
 𝑉 is an finite alphabet 

 𝑇 is a set of terminals, 𝑇 ⊂ 𝑉 

 𝑆 is the start symbol, 𝑆 ∈ 𝑉 − 𝑇 

 𝑃 is a finite set of productions of the form 
𝐴1, … , 𝐴𝑛 → 𝑥1, … , 𝑥𝑛 , 

where 𝐴1, … , 𝐴𝑛  ∈ 𝑉 − 𝑇, 𝑥1, … , 𝑥𝑛 ∈ 𝑉∗ 

 
ℒ 𝑆𝐶 =  ℒ(𝑅𝐸) 
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Propagating SCG 

𝐺 = 𝑉, 𝑇, 𝑃, 𝑆  
 𝑉, 𝑇, 𝑆  like in SCG 

 𝑃 is finite set of productions of the form 
𝐴1, … , 𝐴𝑛 → 𝑥1, … , 𝑥𝑛 , 

where 𝐴1, … , 𝐴𝑛  ∈ 𝑉 − 𝑇, 𝑥1, … , 𝑥𝑛 ∈ 𝑉+ 

 

 no erasing productions (EP) 

 

ℒ 𝐶𝐹 ⊂ ℒ(𝑃𝑆𝐶) ⊆ ℒ(𝐶𝑆) ⊂ ℒ(𝑅𝐸) 
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Motivation 

⇒ We cannot convert any SCG with EP  

to an equivalent SCG without EP 

 

 

 

 

 

 

but …  
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Erasing 

nonterminals in a k-limited way 

 between any two symbols from which G 
derives non-empty string, there occur no 
more than k nonterminals from which G 
derives empty string  

 
𝑋1  𝑌1  𝑌2   …  𝑌𝑗   𝑋2 

 
𝑥1  𝜀    𝜀  …    𝜀  𝑥2 

max. 𝒌 

 

𝑋𝑖 , 𝑌𝑖 ∈ 𝑉 − 𝑇, 𝑥𝑖 ∈ 𝑇+  
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Symbols erased during derivation 

 𝐴  symbol is erased during derivation 

 𝐴  symbol is not erased during derivation 

 

Erasing nonterminals in a k-limited way: 

𝐺 erases its nonterminals in a k-limited way if for 

every 𝑦 ∈ 𝐿 𝐺  there exists derivation satisfies these 

properties: 

1. Every 𝑥 = 𝑢𝐴𝑣𝐵𝑤, 𝐴 , 𝐵 , 𝑣 , satisfies 𝑣 ≤ 𝑘 

2. Every 𝑥 = 𝑢𝐴𝑤, 𝐴 , satisfies: if 𝑢  or 𝑤 , then 𝑢 ≤ 𝑘 or 

𝑤 ≤ 𝑘 
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Theorem: 

For every SC grammar 𝐺, which erases its 

nonterminals in a k-limited way, there exists a PSC 

grammar 𝐺 , such that 𝐿 𝐺 = 𝐿(𝐺 ) 

 

Proof (Basic Idea): 

𝐺  simulates 𝐺 using nonterminals of the special form 

… . In each nonterminal of this form, in every 

derivation step, 𝐺  records a substring of the 

corresponding sentential form of 𝐺 
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Example 

𝐺 = 𝑆, 𝐴, 𝐴′, 𝐵, 𝐵′, 𝐶, 𝐶′, 𝑎, 𝑏, 𝑐 , 𝑎, 𝑏, 𝑐 , 𝑃, 𝑆   
 

𝑃 = * 𝑝1: 𝑆 → 𝐴𝐴′𝐵𝐵′𝐶𝐶′ ,  
 𝑝2: 𝐴, 𝐵, 𝐶 → 𝑎𝐴, 𝑏𝐵, 𝑐𝐶 ,   

 𝑝3: 𝐴, 𝐵, 𝐶 → 𝑎, 𝑏, 𝑐 ,  

  𝑝4: 𝐴′, 𝐵′, 𝐶′ → 𝜀, 𝜀, 𝜀 +  
 

𝐿 𝐺 = 𝑎𝑛𝑏𝑛𝑐𝑛 𝑛 ≥ 1+  

 

𝑆 ⇒ 𝐴𝐵𝐶 ⇒ 𝑎𝐴𝐴′𝑏𝐵𝐵′𝑐𝐶𝐶′ ⇒ 𝑎𝑎𝐴′𝑏𝑏𝐵′𝑐𝑐𝐶′ ⇒ 𝑎𝑎𝑏𝑏𝑐𝑐  
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Proof (Basic Idea) 

𝐺 = 𝑉, 𝑇, 𝑃, 𝑆  is a SCG which erases nonterminals in 
k-limited way.  

 

𝑝: 𝐴1, … , 𝐴𝑛 → 𝑥1, … , 𝑥𝑛  ∈ 𝑃  

 

len(𝑝) = 𝑛  

lhs 𝑝 = 𝐴1, … , 𝐴𝑛  

rhs 𝑝 = 𝑥1, … , 𝑥𝑛  

 

pos 𝑎1 … 𝑎𝑖 … 𝑎𝑛, 𝑖 = 𝑎𝑖  
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Proof (Basic Idea) 

For every 𝑝 = 𝐴1, … , 𝐴𝑛 → (𝑥1, … , 𝑥𝑛) ∈ 𝑃 let  

𝑝, 𝑖  denote 𝐴𝑖 → 𝑥𝑖  ∀ 1 ≤ 𝑖 ≤ 𝑛 

 

Ψ = 𝑝, 𝑖 : 𝑝 ∈ 𝑃, 1 ≤ 𝑖 ≤ len(𝑝)   

Ψ′ = 𝑝, 𝑖 ′: 𝑝, 𝑖 ∈ Ψ   

𝑁1 = * 𝑥 : 𝑥 ∈ 𝑉 − 𝑇 ∗ ∪ 𝑉 − 𝑇  ∗𝑇 𝑉 − 𝑇 ∗, 𝑥 ≤ 2𝑘 + 1+  
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Example 

Ψ = *  𝑝1, 1 , 𝑝2, 1 , 𝑝2, 2 , 𝑝2, 3 , 

 𝑝3, 1 , 𝑝3, 2 , 𝑝3, 3 , 𝑝4, 1 , 𝑝4, 2 , 𝑝4, 3   + 

 

Ψ′ = * 𝑝1, 1 ′, … , 𝑝4, 3 ′+ 

 

𝑁1 = *  , 𝑆 , 𝐴 , 𝐴′ , 𝐵 , 𝐵′ , 𝐶 , 𝐶′ ,  

 𝑆𝑆 , 𝑆𝐴 , … , 𝐶′𝐶′ ,  𝑆𝑆𝑆 , … , 𝐶′𝐶′𝐶′ ,  

 𝑎 , 𝑏 , 𝑐 ,  

 𝑎𝑆 , 𝑎𝐴 , … , 𝑐𝐶′ , 𝑆𝑎 , 𝐴𝑎 , … , 𝐶′𝑎 , 

 𝑎𝑆𝑆 , … , 𝑎𝐶′𝐶′ , 𝑆𝑎𝑆 , … , 𝐶′𝑎𝐶′ ,  𝑎𝐶′𝐶′ ,   

 𝑆𝑆𝑎 , … ,  𝐶′𝐶′𝑎 +  
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Proof (Basic Idea) 

∀ 𝑥 ∈ 𝑁1 and 𝑝, 𝑖 ∈ Ψ: 
lhs−replace 𝑥 , 𝑝, 𝑖 = * 𝑥1 𝑝, 𝑖 𝑥2 : 𝑥1, 𝑥2 ∈ 𝑉∗, 
𝑥1lhs 𝑝, 𝑖 𝑥2 = 𝑥+ 
 

𝑁2 = * 𝑥 : 𝑥 ∈ lhs−replace 𝑦 , 𝑝, 𝑖 , 𝑦 ∈ 𝑁1, 𝑝, 𝑖 ∈ 𝛹+  
 

 

∀ 𝑥 ∈ 𝑁1 and 𝑝, 𝑖 ′ ∈ 𝛹′: 

insert 𝑥 , 𝑝, 𝑖 ′ = * 𝑥1 𝑝, 𝑖 ′𝑥2 : 𝑥1, 𝑥2 ∈ 𝑉∗, 𝑥1𝑥2 = 𝑥+ 

 

𝑁2′ = * 𝑥 : 𝑥 ∈ insert 𝑦 , 𝑝, 𝑖 ′ , 𝑦 ∈ 𝑁1, 𝑝, 𝑖 ′ ∈ 𝛹′+  
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Example 

lhs−replace 𝑎𝐴 , 𝑝3, 1 = * 𝑎 𝑝2, 1 + 

 

𝑁2 = * 𝑝1, 1 , 𝑝2, 1 , 𝑝3, 1 , … , 𝑝4, 3 ,  

 𝑝1, 1 𝑆 , 𝑆 𝑝1, 1 , … ,  

 𝑎 𝑝1, 1 , 𝑎 𝑝2, 1 , 𝑎 𝑝3, 1 , … , 𝑐 𝑝4, 3 , 

 𝑝1, 1 𝑎 , 𝑝2, 1 𝑎 , 𝑝3, 1 𝑎 , … , 𝑝4, 3 𝑐 , 

 𝑎 𝑝1, 1 𝑆 , 𝑎 𝑝2, 1 𝑆 , … , 𝐶′ 𝑝4, 3 𝑐   +   
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Example 

insert 𝑎𝐴 , 𝑝3, 1 ′ = * 𝑎𝐴 𝑝3, 1 ′ + 

 

𝑁2′ = * 𝑎 𝑝1, 1 ′ , 𝑎 𝑝2, 1 ′ , … , 𝑐 𝑝4, 3 ′ ,  

 𝑝1, 1 ′𝑎 , 𝑝2, 1 ′𝑎 , … , 𝑝4, 3 ′𝑐 ,  

 𝑎 𝑝1, 1 ′𝑆 , 𝑎 𝑝2, 1 ′𝑆 , … , 𝑐 𝑝4, 3 ′𝐶′  

 𝑆 𝑝1, 1 ′𝑎 , 𝑆 𝑝2, 1 ′𝑎 , … , 𝐶′ 𝑝4, 3 ′𝑐 , …  +   
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Proof (Basic Idea) 

∀ 𝑥 = 𝑥1 𝑥2 … 𝑥𝑛 ∈ 𝑁1  ∪ 𝑁2  ∪ 𝑁2′ ∗ and 𝑛 ≥ 1: 

join 𝑥 = 𝑥1𝑥2 … 𝑥𝑛  

 

∀ 𝑥 = 𝑁1  ∪ 𝑁2  ∪ 𝑁2
′
: 

split 𝑥 = 𝑦: 𝑥 = join 𝑦   

 

 

Set 𝑉 = 𝑇 ∪ 𝑁1  ∪ 𝑁2  ∪ 𝑁2
′
∪ *𝑆 +  
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Proof (Basic Idea) 

Define PSG 𝐺 = 𝑉 , 𝑇, 𝑃 , 𝑆 . 

 

 

Construction of set 𝑃 : 

1. ∀𝑝 = 𝑆 → 𝑥 ∈ 𝑃 add 𝑆 → 𝑝, 1  to 𝑃  
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Proof (Basic Idea) 

2. ∀ 𝑥 ∈ 𝑁1  

∧ ∀𝑋 ∈ insert 𝑥 , 𝑝, 𝑛 ′ , where 𝑝 ∈ 𝑃, len 𝑝 = 𝑛 

∧ ∀ 𝑦 ∈ 𝑁1  

∧ ∀𝑌 ∈ lhs−replace 𝑦 , 𝑞, 1 , where 𝑞 ∈ 𝑃 

add 

A] 𝑋, 𝑦 → 𝑥 , 𝑌  and 

B] 𝑦 , 𝑋 → 𝑌, 𝑥   to 𝑃  

C] 𝑖𝑓 𝑥 = 𝑦  add 𝑋 → (𝑌) to 𝑃  

D]  𝑋 → ( 𝑥 ) to 𝑃  
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Proof (Basic Idea) 

3. ∀ 𝑥 ∈ 𝑁1  

∧ ∀𝑋 ∈ insert 𝑥 , 𝑝, 𝑖 ′ , where 𝑝 ∈ 𝑃, 𝑖 <  len 𝑝  

∧ ∀ 𝑦 ∈ 𝑁1  

∧ ∀𝑌 ∈ lhs−replace 𝑦 , 𝑞, 𝑖 + 1 , where 𝑞 ∈ 𝑃 

add 

A] 𝑋, 𝑦 → 𝑥 , 𝑌  to 𝑃  

B] 𝑖𝑓 𝑥 = 𝑦 ∧ pos 𝑋, 𝑙 = 𝑝, 𝑖 ′, pos 𝑌, 𝑚 =
𝑝, 𝑖 + 1 ′, 𝑙 < 𝑚, add 𝑋 → (𝑌) to 𝑃  
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Proof (Basic Idea) 

4. ∀ 𝑥1 𝑝, 𝑖 𝑥2 ∈ lhs−replace 𝑥 , 𝑝, 𝑖 , 𝑥 ∈ 𝑁1, 
𝑝, 𝑖 ∈ 𝛹, 𝑥1, 𝑥2 ∈ 𝑉∗ 

∧ ∀𝑌 ∈ split 𝑥1rhs 𝑝, 𝑖 𝑝, 𝑖 ′𝑥2   

add 

 𝑥1 𝑝, 𝑖 𝑥2 → 𝑌  to 𝑃  

 

5. ∀𝑎 ∈ 𝑇 

add 

 𝑎 → 𝑎  to 𝑃  

7.4.2010 

Peter Solár: SCG with erasing productions 

20 / 22 



Example 

𝑆   

⇒∗ 𝐴𝐴′  𝐵𝐵′  𝐶𝐶′  𝑆 → 𝐴𝐴′𝐵𝐵′𝐶𝐶′  

⇒∗ 𝑎𝐴𝐴′  𝑏𝐵𝐵′  𝑐𝐶𝐶′  𝐴, 𝐵, 𝐶 → 𝑎𝐴, 𝑏𝐵, 𝑐𝐶  

⇒∗ 𝑎  𝑎𝐴𝐴′  𝑏  𝑏𝐵𝐵′  𝑐  𝑐𝐶𝐶′    𝐴, 𝐵, 𝐶 → 𝑎𝐴, 𝑏𝐵, 𝑐𝐶  

⇒∗ 𝑎  𝑎𝐴  𝑏  𝑏𝐵  𝑐  𝑐𝐶  𝐴′, 𝐵′, 𝐶′ → 𝜀, 𝜀, 𝜀  

⇒∗ 𝑎  𝑎  𝑎  𝑏  𝑏  𝑏  𝑐  𝑐  𝑐  𝐴, 𝐵, 𝐶 → 𝑎, 𝑏, 𝑐  

⇒∗ 𝑎𝑎𝑎𝑏𝑏𝑏𝑐𝑐𝑐  
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