Scattered
Context

Grammars
with erasing
productions

Peter Soldr
isolar@fit.vutbr.cz



2/22 7.4.2010

Content

o Definitions and Motivation

o Erasing nonterminals in a k-limited way

o Theorem
o Example
o Proof (Basic Ideq)

Peter Soldr: SCG with erasing productions




Scattered Context Grammar (SCG)

¢ ={WV,T,P,S)
oV is an finite alphabet
oTisasetofterminals, T cV
o S is the start symbol, SeV —T

o P is a finite set of productions of the form
(A, ..., A) = (xq, ..., x),
where A4, ..., A, €V —-T,xq, ..., x, EV”

L(SC) = L(RE)
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Propagating SCG

¢ ={WV,T,P,S)
olV,T,S likeinSCG

o P is finite set of productions of the form
(A, ..., A,) = (xq, ..., x,), N
where A4, .., A, €V —T,x{,...,x, EV*

o No erasing productions (EP)

L(CF) c L(PSC) € L(CS) © L(RE)
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Motivation

= We cannot convert any SCG with EP
to an equivalent SCG without EP

L(SC)

L(PSC)

but ...
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Erasing

nonterminals in a k-limited way

o between any two symbols from which G
derives non-empty string, there occur no
more than k nonterminals from which G
derives empty string

X\ Y, .Y X,

111 1l

X1\E € ... &)Xy

max. k

Xi'Yi EV—T,xl- ET+
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Symbols erased during derivation

o A symbol is erased during derivation
o A symbol is not erased during derivation

Erasing nonterminals in a k-limited way:

G erases its nonterminals in a k-limited way if for IJ
every y € L(G) there exists derivation satisfies these
- properties:
1. Every x = udvBw, 4, B, ¥, satisfies |v| < k
2. Every x = udw, A, satisfies: if L or w, then |u| < k or
lw| <k
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Theorem:

For every SC grammar G, which erases its
nonterminals in a k-limited way, there exists a PSC
grammar G, such that L(G) = L(G)

Proof (Basic Idea): |J

G simulates G using nonterminals of the special form
(...). In each nonterminal of this form, in every
derivation step, G records a substring of the
corresponding sentential form of G
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Example
G ={S,AA,B,B',C,C',a,b,c},{a,b,c},P,S)

P ={ p:(S) > (AABB'CC),
p,:(4,B,C) — (aA, bB, cC),
p3:(4,B,C) — (a,b,c),
ps: (A", B',C") = (&, ¢, €)}

L(G) ={a™b"c"|n =1}

S = ABC = aAA'bBB'cCC’' = aaA’'bbB'ccC’' = aabbcc
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Proof (Basic Ideaql)

G=,T,P,S)isaSCG which erases nonterminals in
k-limited way.

p: (A4, ..., A,) = (X1, ..., x,) EP -

len(p) =n
lhs(p) = A4, ..., Ay,
rhs(p) = xq, ..., Xy,

pos(a ...a; ...a,, i) = a;
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Proof (Basic Ideql)

Forevery p = (44, ...,4,) = (x4, ...,x,) € P let
lp,i] denote 4; > x; V1 <i<n

Y ={|pil:peP,1<i<len(p)}
Y ={lp,il"|p, il € ¥}
Ni={{x):x e V=T uWV-T)TWV —-T)|x| <2k + 1}
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Example

LIJ — { lpli 1J: lp21 1J: lp21 ZJ: lp21 3J;
|p3, 11, Ip3, 21, [ps, 31, [p4, 11, |pas 21, 14, 3] 3

' = {lpy, 1I', ..., Ips, 31}

Ny = {{),(S), {4),(4), (B),(B"), (C),(C), IJ
(SS), (SA), ...,{C'C"), (SSS), ..., {C'C'C"),
(a), (D), {c),

(aS), (ad), ..., {cC'"), {(Sa), (Aa), ..., (C'a),
(aSS), ..., {aC'C"), {(SaS), ..., {C'aC"), (aC'C"),
(SSa), ..., (C'C'a)}
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Proof (Basic Ideql)

V (x) € N; and |p,i] € ¥:
Ihs —replace({x), |p, i) = {{x1]|p, ilxy): x4, x, E VT,
x1lhs([p, i))x, = x}

N, = {{x): (x) € Ihs—replace({y), Ip,i]),(y) € Ny, |p,i] € ¥}

Vv (x) € N; and |p,i] € ¥

insert({x), |p, il") = {{x11p, il'x2): x4, x, € V™, x1x, = x}

Ny' = {{x):(x) € insert((y), p, i]"),(y) € Ny |p,il' € ¥'}
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Example

Ihs —replace({ad), |p3, 1]) = {{a|p,, 1])}

Nz = {{lp1, 1), {Ip2, 1]}, {lp3, 11), ..., {lp4, 31),
(lp1,115), (Slp1, 1), .., ']

(alps, 11), {alpz, 11), (alps, 11), ..., {clp4, 3]),
(lp1, 1la), (Ip2, 1la), (lps, 1la), ..., {|p4, 3lc),
(alpy, 11S), (alpz, 1IS), ..., {C'lp4, 3]c) }
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Example

insert((aA), lp3' 1J’) — {(ClA lp3' 1J,)}

N, = {{alpy, 1]}, (alp, 1]'), ..., {c|pa, 3]'),
(lp1, 1'a), (lp2, 1]'a), ..., (lp4, 3]'¢), )
(alpy, 1]'S), (alp,, 11'S), ..., {c|p4, 3] C')
(Slp1, 1l'a), (Slpz, 1l'a), ..., {C'[ps, 3l'c), ... }
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Proof (Basic Ideql)

Vx = (x;){x5) ...{x,) € (N; UN, UN,')*andn > 1:
join(x) = x1x, ... X,

Vx=N; UN, UN, :
split(x) = {y: x = join(y)}

Set7V =TUN; UN, UN, U {S}
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Proof (Basic Ideql)

Define PSG G = (V,T,P,S).

Construction of set P:

1.vp = (S) - (x) € P add (§) = ({[p,1])) to P
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Proof (Basic Ideql)

2. V(x) € N;

AVX € insert({x), [p,n]"), where p € P,len(p) =n
AV{(y) € Ny

AVYY € lhs—replace({(y),|q,1]), where g € P >
add

Al X, (y) - (x),Y)and

B]  ((y),X) - (Y, {(x)) toP

Cl] ifix)=(y)add (X) > (Y)toP

D]  (X) - ({x)toP
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Proof (Basic Ideql)

3.V(x) € Ny

AVX € insert({x), [p,i]’), where p € P,i < len(p)

AV{(y) € Ny

AVY € lhs—replace({(y),lq,i + 1]), where g € P >
add

Al X () > {(x)Y)toP

8] if(x) = (y) Apos(X, 1) = Ip,il', pos(Y,m) =
lp,i+ 1], l<m,add (X) - (Y)To P
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Proof (Basic Ideql)

4' v<x1 D, inZ) € th _replace(<x>1 lp: lJ)/ (x) € N_ll
lp,il €V, x1,x, EV”

AVY € split(x;rhs(|p,i])p,i] x5) |
add N
(xqlp,ilxz)) = (Y)to P

5.Va€eT
add
(a)) » (@) to P
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Example

(S)
=" (AA") (BB') (CC')
=" (aAA") (bBB’) {cCC'")

=* (a) (adA") (b) (bBB') {c) {cCC') (A,B,C)— (ah bB,cC)
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(S) » (AA'BB'CC")

(A4,B,C) —» (a4, bB,cC)

=% (a) (ad) (b) (bB) {(c) (cC) (4", B',C") - (&, ¢,¢€)
=" (a) (a) (a) (b) (b) (D) (c) (c) (c) (4A,B,C)~ (abo)

=" aaabbbccc
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