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Context-Free Grammars

Definition

A context-free grammar is a quintuple

G =
(
N, T ,Ψ,P, S

)
,

where
• N is an alphabet of nonterminals;
• T is an alphabet of terminals

(
N ∩ T = ∅

)
;

• Ψ is a set of rule labels
(
card(Ψ) = card(P)

)
;

• P is a finite set of rules of the form
A→ x ,

where A ∈ N and x ∈ (N ∪ T )∗;
• S ∈ N is the starting nonterminal.
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Context-Free Grammars

Definition

The relation of a direct derivation, denoted by⇒, is defined as
follows: if

• u, v ∈ (N ∪ T )∗,
• r : A→ x ∈ P,

then

uAv ⇒ uxv [r ] in G.

Definition

The language generated by G, denoted by L(G), is defined as

L(G) =
{

w ∈ T ∗ | S ⇒∗ w [%], % ∈ Ψ∗
}

,

where⇒∗ is the reflexive and transitive closure of⇒.
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(Extended) Szilard Languages

Definition

Let G = (N, T , Ψ, P, S) be a context-free grammar.
The Szilard language associated to G is defined as

Sz(G) =
{
% ∈ Ψ∗ | S ⇒∗ w [%], w ∈ L(G)

}
.

Definition

Let G = (N, T , Ψ, P, S) be a context-free grammar.
The extended Szilard language associated to G is defined as

ESz(G) =
{

w% ∈ T ∗Ψ∗ | S ⇒∗ w [%], w ∈ L(G)
}

.
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Some Natural Questions

• Can any language be a Szilard language of some
grammar?

• Is every Szilard language of a context-free grammar
context-free?

• Is every Szilard language of a regular grammar regular?
• Where is the family of all Szilard languages placed in the

Chomsky hierarchy?
• What about leftmost Szilard languages?

• Leftmost derivations in unrestricted/regulated grammars.

• Are there any context-free languages, for which there is no
context-free grammar G with context-free Sz(G)?
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What Else Have Been Studied

• Regularity and context-freeness, decidability.

• Regulated grammars.
• Matrix grammars, programmed grammars, etc.
• Scattered context grammars.

• Pure grammars, L/P systems, CD/PC grammar systems, etc.
• Applications.

• Recognition and tape complexity (NC1).
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Regular-Controlled Grammars

Definition

A regular-controlled (context-free) grammar is a pair

H =
(
G,Ξ

)
,

where
• G = (N, T ,Ψ,P, S) is a context-free grammar;
• Ξ ⊆ Ψ∗ is a regular control language.

Definition

The language generated by H, L(H), is defined as

L(H) =
{

w ∈ T ∗ | S ⇒∗ w [%] with % ∈ Ξ
}
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Example

Example

Let H = (G,Ξ) be a regular-controlled grammar, where P
contains the following rules:

1 : S → ABC,
2 : A→ aA,
3 : B → bB,
4 : C → cC,

5 : A→ ε,

6 : B → ε,

7 : C → ε,

and Ξ = {1}{234}∗{567}.
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Generative Power

rC

RE

CS

rC−ε

CF
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New Results

Theorem

Let H = (G, Ξ) be a regular-controlled grammar. Then, there is a
propagating regular-controlled grammar

H′ =
(
G′, Ξ′

)
,

where G′ = (N′, T , Ψ′, P ′, S′), such that

L(H) =
{

w | w% ∈ L(H′), S′ ⇒∗ w [%] in G′
}

.
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New Results

• Appearance checking.

Theorem

Let K be a recursively enumerable language. Then, there is a
propagating regular-controlled grammar with appearance
checking

H =
(
G, Ξ, F

)
,

where G = (N, T , Ψ, P, S), such that

K =
{

w | w% ∈ L(H), S ⇒∗ w [%] in G
}

.
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Concluding Remarks

• Quotients.

Theorem

Let K be a recursively enumerable language, and let $ be a
symbol such that $ /∈ alph(K ). Then, there is a propagating
regular-controlled grammar with appearance checking, H,
such that

K = L(H) � {$}+.
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Concluding Remarks

• Sentences preceded by parses.

• Generation of just parses.
• Speed of derivations.
• Coincidental extension.
• Parse trees.
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